NOTES ON CLIFFORD ALGEBRAS,
SPIN GROUPS AND TRIALITY

ANGELO VISTOLI

1. INTRODUCTION

These are notes on the subject of the title. They could be though of as a greatly
expanded version of the few pages in [FH91] dedicated to this subject, with the
help of the original source [Che54]. They include an exposition of the treatment
of the structure of real Clifford algebras, following, of course, [ABS64], mostly
because of its aesthetic appeal.

I claim no originality whatsoever.

2. CONVENTIONS

All fields will have characteristic different from 2. All vector spaces will be
finite dimensional. If vy, ..., v, are elements of a vector space V, we denote by
(v1,...,vm) the subspace generated by the v;.

All algebras will be associative, with an identity.

The imaginary unit in C will be denoted by v/—1 or by i.

If V is a K-vector space and q: V — Kis a quadratic form, we will also denote
by g: V x V — K the associated symmetric bilinear form, so that g(v) = g(v,v).
This should not give rise to confusion.

For any two vectors v and w in R” or in C", we set (v|w) = Y ; v;w; and
|v|2 =(v|v) =Y, v%. The expression |v| is not well-defined for complex vectors,
and will not be employed.

Our notations for matrix groups will be standard; we only remark that by
Sp,,(C) we mean the group of invertible linear transformations that preserve the

standard alternating form in C?" (this is ofter denoted by Sp,, (C)).

3. EXTERIOR ALGEBRAS

Let V be a vector space over K. Recall that for each integer k > 0 there is
a vector space A\¥V, with an alternating k-linear form VK — AKXV, denoted by
(v1,...,0¢) — v1 A--- Avg, which is universal among all alternating k-linear
forms. If ey, ..., e, is a basis for V, the elements ¢; A --- Ae;, where iy, ..., i,
runs over the (}) possible increasing sequences of integers between 1 and 7, form
a basis for A\F V.

The direct sum

n
NVEBNY
k=0

Date: February 23, 2007.



2 ANGELO VISTOLI

has natural structure of associative, graded and graded-commutative K-algebra,
with the product denoted by (a,b) — a Ab. This product is determined by the
condition

((u A AN ) AW A Awp) =01 A~ A Awp A=+ Ay,

Whenever a is a homogeneous element of A\* V, we denote by |a] its degree; and
if we use the notation |a| for an element of A* V, we are always assuming that a is
homogeneous.

There is a natural embedding V = AV < A®V. We have v Av = 0 and
vAw+wAv=0foranyvand win V.

This embedding has the following universal property.

Proposition 3.1. Let A bea K-algebra, ¢: V — A a K-linear function such that ¢(v)? =
0 for any v € V. Then ¢ extends uniquely to a homomorphism of K-algebras \*V — A.

Proof. We have
2

0= (¢(0) + ¢p(w))
= ¢(0)> + ¢(0)Pp(w) + p(w)p(v) + Pp(w)?
= ¢p(v)p(w) + ¢(w)¢(v)

for any v and w in V. This allows to prove easily that the k-linear form V¥ — A
defined by

(v1,...,0%) — ¢(v1) ... p(vx)

is alternating, and so it defined a K-linear map A¥V — A for any k > 0. By sum-
ming up we get the required algebra homomorphism A*V — A; it is obviously
unique, because the elements of V generate \* V as a K-algebra. [ )

The exterior algebra has an automorphism and two anti-automorphisms that
will be needed. The main involution €: A\*V — A®V is the K-linear map that is
characterized by the following properties
(@) e(1) =1,

(b) e(v) = —vforany v € V,and
(c) e(anb) =€(a)Ne(b) forallaand bin A* V.

It is an automorphism of algebras. It is defined by the obvious formula
e(vr A Aog) = (=DFor A A

hence we have the alternate definition e(a) = (—1)4l.
We will also use the main anti-automorphism, or the transposition, a — a* of \* V.
This is the only K-linear map of degree 0 satisfying the conditions
(@ 1t=1,
(b) o' =vforanyv € V,and
(¢) (anb)t=btAat.

It is defined by the obvious formula

(’01A"'A’0k)t:’0k/\"'/\’01

k(k—1)
=(-1)"2 A A
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From this formula we have the alternate definition
= (1) LRI

This is an involution: that is, (a')t = a.

The conjugation a — a is the anti-automorphism of A* V defined by the formula

a=c¢(a)' = e(a").

It is characterized by the conditions

(@ 1=1,

(b) 7= —vfor any v € V, and

(c) anb=>bAa.

It is also defined by the formula

at=(-1)
Let V'V be the dual space of V; we will denote by
(=] =): VY xV -—K

the canonical non-degenerate pairing defined by (¢ |v) = ¢(v). This pairing in-
duces a pairing

|a|(la]+1)
2 a.

k k

(== NV )x \N'V—K

defined by the customary formula
(LA ACklvr A Nog) = det((Gi | v))).
If e, ..., ey is a basis for V, €, ..., €, the dual basis in VV, then one easily
checks that the bases {e;, A -+ Ae¢; } and {€; A--- Agj } are dual with respect
to this pairing: hence the pairing is non-degenerate, and we get an isomorphism
v
N(VY) = (AV)
By summing over all k we also obtain a non-degenerate bilinear pairing

(=1 AVYx AV —K

in which A! VV and A\FV are orthogonal when k # .

Proposition 3.2. If & € V"V, we have a unique K-linear homomorphism \*V — A*V
of degree —1, called the left contraction by ¢, denoted by a — & = a, with the following
properties.

(@) IfveV, then v = (¢|v).

(b) ¢ I is a left derivation: that is, if a and b are in \* V, we have

EF(anb) = (EFa)Ab+(-1)an (&)
Furthermore, this homomorphism has the following properties.
(i) Ifvy,..., vxarein 'V, then
k .
Eh (@A Ag) =Y (~1)HE oo A AT Ay,
i=1
where ~ denotes an omitted term.
(ii) ¢t ais linearin g.
(iii) ¢ F: A*V — A®V is the adjoint to K-linear homomorphism Lg: \*V — A\*V
defined by Lz () = & A «, through the pairing above.
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(iv) F(EFa)=0.
(v) IfEandyarein VV, then¢ = (b z) = —n+ (& + a).

Proof. By induction on k, it is easy to see that if ¢ - has the required properties (a)
and (b), then (i) holds.

On the other hand, the sum on the right hand side of the equation in (i) is easily
seen to be 0 whenever two of the v; coincide. Hence there is a unique linear map
&F: AfV — A1V satisfying the equality. One can immediately check that the
equality

EF(@nb)=@ErFa)Ab+ (=1D)llan (EFDb)
holds, by first looking at the case when a and b are decomposable.

Part (ii) is clear.

For part (iii), we need to prove the equality (a | - a) = (¢ A« |a) for any
a € N"Vand & € AF"1 VY. Since both sides of the equality are bilinear in a
and &, we may assume that @ and « are decomposable. Write a = v1 A --- A1y,
=7 AN, and § = &;. Then we have (& Awa|a) = det ((&; | v;)), while

k
(|gtay =Y (—1)""N& o)A A&|v1 A AT A Ag);
i=1
and the determinants that appear in the definition of the terms (¢, A -+ - Ay | v1 A
<+~ ATU; A -+ A vyg) are the determinants of the matrices obtained from the matrix
((¢i|vj)) by deleting the first row and the ith column. Hence the result follows
from the usual rule for computing a determinant by expanding along a row.
The remaining assertions follow immediately from part (iii), and the facts that

LsoLg(a) =CANENa=0
and
LeoLy(a) =CAnAa
=—-yAEAa
= _L77 o Lg (11) ‘
From this we can also define the right contraction A\*V — A*®V, denoted by
a — a = ¢, via the formula
a-¢=(¢ra")t
Here are its main properties.
Proposition 3.3.
(@ IfveV, thenv ¢ = (¢ |v).
(b) ¢ & is aright derivation: that is, if a and b are in \* V, we have
(anb)y4&=an (b8 + (-1 @a-e&) Ab.
(c) ¢Faislinearin .
(d) (Fa)t=atHe
() CFa=—-a-¢.
() a4g=(-1)lH¢Fa.
(g) The function a v+ a = ¢ is the adjoint to K-linear homomorphism Rg: \*V — A*V
defined by Rg(a) = a A &, through the pairing above.
(h) (ad¢)4&=0.
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() IfEandnarein VV, then (a 4&) 4y =—(a-y) ¢
G) If¢andyarein VY, then &+ (a-5) = (EFa) 4.

Proof. These are very easy.

Part (d) follows immediately from the definition, and the fact that the transpo-
sition is an involution.

Parts (f) and (e) can be verified in several ways: for example, one can assume
that a is decomposable, and then proceede by induction on |a|.

I will only sketch the proof of part (g), from which the following ones can be
easily deduced. First of all, foralla € A*VV and a € A\*V, we have (at|a') =
(« | a). To prove this we may assume that « and a are decomposable, in which case
it follows from the fact that the transpose of a matrix has the same determinant as
the matrix itself. So we have

as claimed. A
For later use, we record the following fact.
Lemma3.4. Letae \*V.If¢-a=0forall € VV, then a is a scalar.

Proof. Letey, ..., e, be abasis for V; foreach I C {1,...,n} sete; = e, N\ej,, where
we have written I = {i,..., i} withi; < -+ < i. Letey, ..., €, be the dual basis
of VV. Then foreachi =1, ..., n we have

— ifi ¢ I
! = iel\{i} ifiel

The elements e; for a basis for A* V; suppose that { - a = 0 forall ¢ € VV, and
write a = Y ;arer. Then
0= €; Fa= Zialel\{i}

i€l
so a; = 0 whenever i € I. Since this holds for every i, we have a; = 0 whenever I
is not empty, and a is a multiple of ez = 1, that is, a scalar. ®

If g: V — K a quadratic form, foreachv € Vanda € A\*V we denoteby v - a
and a 1 v the left and right contractions of a by the linear form g(v, —). Let us
record the properties of these operations that we are going to use in the future.

Proposition 3.5.

(@) IfxeV, thenvtx=x4v=q(v,x).

(b) v+ is a left derivation, 4 v a right derivation.
(c) vt aanda - vare linear in v.

(d) (vFa)=aHo.

(e) vFa=a-dv=—-a-v.

(f) a4v=(-1lHyq

(g) vk (vka)=(adv)dv=0.
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(h) IfvandwareinV, thenvt (wka) = —wk (vt a)and (a 4v) 4w = —(a
w) 4 v.
() Ifvandwarein V, thenv - (a Hw) = (v a) 4 w.

4. CLIFFORD ALGEBRAS

We will work in the category of quadratic forms: the objects are pairs (V,q),
where V is a vector space over K and q: V — K is a quadratic form. The ar-
rows (V,q) — (V',q") are isometric maps, that is, K-linear maps f: V — V’ with
7' (f(v)) = q(v) for any v € V. By the polarization formula, this condition is
equivalent to the seemingly stronger requirement that ¢’ (f(v), f(w)) = g(v, w)
forallvand win V.

Let V be a vector space over K, q: V — K a quadratic form.

Definition 4.1. A Clifford algebra C(V,q) is a K-algebra over K, with a K-linear
homomorphism J: V — C(V, q), such that

(@) J(v)? = q(v) forallv € V, and

(b) J: V — C(V,q) is universal with respect to K-linear maps with the property
above, that is, if A is a K-algebra and ¢: V — A is a K-linear map such that
¢(v)?> = 0 for all v € V, then there exists a unique homomorphism of K-
algebras ¢: C(V,q) — Asuchthat¢ = ¢po]: V — A.

Proposition 4.2. There exists a Clifford algebra C(V,q) for any quadratic form q: V —
K.

Proof. In the tensor algebra T(V) = @p>, V= consider the two-sided ideal I gen-
erated by the elements of the form v ® v — g(v). From the universal property of the
tensor algebra itself, it is straightforward to see that the quotient algebra T(V)/I,
with the obvious map J: V = V® — T(V)/I, has the required universal prop-
erty. ®

From the standard categorical arguments one deduces that C(V,q) is unique
up to a unique isomorphism of K-algebras, and that by choosing a C(V,q) for
every vector space with a quadratic form one gets a functor from the category of
quadratic forms to the category of K-algebras. This allows to talk about the Clifford
algebra C(V, q).

Proposition 4.3. The Clifford algebra C(V,q) has a unique Z./27Z-grading in which
every element of the form J(v), where v € V, is odd. This grading is functorial, that
is, if f: (V,q) — (V',q') is an isometric map, the induced homomorphism of algebras
C(V,q) — C(V',q) preserve the grading.

Proof. In the construction of Proposition 4.2, the ideal I is homogeneous with re-
spect to the Z /2Z-grading. This proves existence.
Uniqueness and functoriality are obvious from the fact that C(V, q) is generated

by the J(v). [ )

We will denote by C*(V,q) the even part of C(V,q), C(V,q) its odd part.
From the fact above, we obtain a functor from the category of quadratic forms into
the category of Z/2Z-graded algebras sending (V,¢) into C(V, g).
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Example 4.4. If ¢ = 0, then C(V,q) = A* V, with themap J: V — A® V being the
embedding V = AV < A®V. The Z./27Z-grading has ATV = Py /\2k V as its
even part,and A~ V = Py A1V as its odd part.

This is immediate from Proposition 3.1.

We will see later that the function | is always injective: for this reason, we iden-
tify V with its image into C(V, ), and from now on write v for J(v), thus making
the notation much lighter. Some readers (probably not very many) might not like
the fact that we have removed the | from the notation before knowing for sure
that we may do so, and wonder if this might lead to logical error and circular rea-
soning. These readers are invited to reintroduce all the missing |, and convince
themselves that it is not so.

Notice the following fact. If (V,q) is a quadratic form, ¢: V — A a K-linear
map into a K-algebra such that ¢(v)? = q(v) for all v € V, we have

P(0)p(w) + Pp(w)p(v) = Pp(v+w)* — p(v)* — Pp(w)?
=q(v+w) —q(v) —q(w)
= 2g(v,w)

for any v and w in V. Conversely, if the equation ¢(v)¢(w) + ¢(w)p(v) = 2g9(v, w)
is always satisfied, by substituing v = w we get ¢(v)? = g(v) for all v. Hence,
a Clifford algebra can also be defined as the universal algebra with respect to the
condition that vw + wv = 2¢(v,w) for any v and w in V. In particular, we ob-
tain the following important fact: in the Clifford algebra, two orthogonal vectors
anticommute.

Let ey, ..., e, be an orthogonal basis for V, and set a; = gq(e;) fori =1, ..., n.
If ¢: V — A is K-linear map into a K-algebra, then the expressions ¢(v)¢p(w) +
¢(w)p(v) and g(v, w) are both symmetric and bilinear: hence they are equal if and
only if they are equal whenever v and w are elements of the basis above. This
proves the following.

Proposition 4.5. The Clifford algebra C(V, q) is the algebra generated by ey, ..., ey, with
the relations e? = w; for all i, and eiej +eje; = 0forall i # j.

1
Let Ibeasubsetof {1,...,n}; writeitas I = {iy,..., i}, write e] for the element
ej, ...e; of C(V,q). From the relations above, it is easy to see that C(V, q) is gen-
erated as a vector space by the elements e;; hence its dimension as a vector space
is at most 2" (we will see that the e are linearly independent, and the dimension
is precisely 2").
From this we deduce the following.

Proposition 4.6. Let A be a K-algebra of dimension 2" as a vector space, with elements
Uy, ..., Uy such that ulz = a; for all i, and wu; +uju; = 0 for all i # j. Then the
homomorphism of K-algebras C(V,q) — A that sends each e; into u; is an isomorphism.

This allows us to construct our first interesting examples.

Examples 4.7. Here K = R. We set C,, = C(IR", — |x|*) and C,, = C(R", |x|?). Let
us investigate the structure of C,, and C,,.

(a) Clearly, Cy = Cp = R.
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(b)

(©

(d)

(e)

()
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C; is generated by one element e, with the single relation 2 = —1. Hence C;
is commutative, so C; = R[x]/(x?> + 1) = C. The even part is R, while the
odd part is the imaginary axis ilR.

Analogously, we have C; = R[x]/(x2 —1) = R x R. The even part is the
diagonal {(x, x) }, while the odd part is the antidiagonal {(x, —x)}.

C; is more interesting. It is generated by two generators e; and ep, with re-
lations e% = e% = —1 and ejep + epe; = 0. The quaternion algebra H has
dimension 4, and is generated by two elements i and j, with i = j> = —1, and
ij = k = —ji; hence there is an isomorphism C, ~ H that sends ¢; into i and e,
into j. The even part is R + Rk ~ C, while the odd part is Ri + Rj.

For C, we are looking for a 4-dimensional algebra generated by elements e;
and ey, subject to the relations e% = e% = 1 and ejep + epeq; = 0. This is the

matrix algebra M (IR ), taking

0 1 1 0
el—<1 0) and ez—<0 _1).

The even part C; is R + IRej ey, consisting of matrices of the form

a —b
G )

Since (e1e2)? = —e2e3 = —1, this is isomorphic to C. Indeed, this is the stan-
dard realization of C as a subalgebra of M;(C), by considering the action of C
by multiplication on C = R?.
To identify C3, we need an algebra of dimension 8 with three generators e1,
e; and e3 that anticommmute, with 7 = ¢3 = €3 = —1. The three imaginary
units i, j and k in H satisfy these relations, but the algebra is too small.

We can take the product H x H as an algebra, with elements ¢; = (i, —i),
ey = (j,—j) and e3 = (k,—k). We have 1 = eye3 = (i,1), €2 & e3e1 = (j,j)
and e3 =} erex = (k k). Clearly, 1, ey, ey, e3, €1, €2, €3, and ejeze3 = (1,—1)
form a basis of H x H. Hence C3 is H x H; the even part CJ is the subspace
generated by 1, €1, €, and e3: this is the diagonal {(x, x) }, which is isomorphic
to H. The odd part is the antidiagonal {(x, —x)}.
Cj is the algebra My (C). We take

0 1 1 0 0 i
61:(1 0), 62:(0 _1) and 63:<_i 0)

These elements are easily seen to generate M,(C); furthermore ¢? = 1 and
ejej +eje; = 0 for all i # j.

The even part 6 is R ® Rejer @ Reyesz @ eqez. Since (6152)2 —e%e% -1,
(e2e3)? = —e%e% = —1, and ejepepe3 = eqe3, we have that C; is isomorphic to
H.

Change of base field. The construction of the Clifford algebra is compatible with
base change. Let (V, g) be a quadratic form on K, K C K’ a field extension. Then g

extends naturally to a quadratic form gg on Vi & X @x K/, insucha way that

g (v@a,w® ) = q(v,w)ap

forallv,w € Vanda, B € K.



NOTES ON CLIFFORD ALGEBRAS, SPIN GROUPS AND TRIALITY 9

This quadratic form has the following universal property. Given a quadratic
form (V’,q") over K, we say that a K-linear map f: V — V' is isometric when
7' (f(v), f(w)) = g(v,w) € K for any v, w € V. Any isometric map f: V — V'
extends uniquely to a K'-linear map f’: Vo — V’, by the formula f'(v ® a) =
f(v)a; and this map is immediately checked to be a isometric. Hence there is a
bijective correspondence between isometric maps V. — V' and isometric maps
VK’ — V/.

Next, recall that given a K-algebra A, the tensor product A @k K’ has a natural
structure of K'-algebra, with the product being given by the rule (2 ® a) (b ® B) =
ab @ af. This structure has the property that, given a K’-algebra A’ and a ho-
momorphism of K-algebras A — A’ (here A’ is considered to be a K-algebra
via restriction of scalars), this extends to a unique homomorphism of K’-algebra
Ax K — A’

Proposition 4.8. There is a canonical isomorphism of K'-algebras between C(Vys, qxr)
and C(V,q) @k K.

Proof. Consider the natural K’-linear map

'Y @idg: Vk — C(V,q) @k K.
First of all, ' (v')? = g/ (v') for any o' € V. This is equivalent to J'(v/)]' (w') +
J'(w")]'(v") = 2q(v',w’) for all v" and w’ in Vi/; and to check this we may assume
that v’ and w'’ are of the form v ® 1 and w ® 1 for v and w in V, since vectors of this
form generate Vi; and then the formula is obvious.

Then we need to check that the homomorphism has the universal property that
any ¢': Vi — A’ with ¢/(v')? = qg/(¢') for all o’ € V' factors uniquely through
C(v,q) @k K'. The restriction ¢: V. — A’ defined by ¢(v) = ¢'(v ® 1) has the
property that ¢(v)? = gg(v®1) = a(v) for all v € V, so we get that ¢ factors
throuh a homomorphism of K-algebras C(V,q) — A’. This extends to a unique
homomorphism of K’-algebras C(V,q) ® K’ — A’; this gives the required factor-
ization. '

This gives a natural embedding C(V,q) — C(Vis, qx).

5. CLIFFORD ALGEBRAS AND EXTERIOR ALGEBRAS

We will denote by (V,q) a quadratic form, ey, ..., e, an orthogonal basis of V.
We will write ATV and A\~ V for the even and the odd part of A* V; these are
respectively @y /\2k V and 6 /\2"Jrl V.

Theorem 5.1. There is a structure of R-algebra on \*V such that for any v € V and
a € \*V we have

(5.1) va=vAa+vhka
and
(5.2) av=aAv+a-o.

The embedding V.= \'V < A®V makes \® V into a Clifford algebra for (V, q).

This structure is functorial, in the sense that if f: V — V' is an isometric map from
(V,q)to (V',q"), then \* f: N*V — A® V' isa homomorphism of algebras.

The even part and odd part of \* V as Clifford algebra are N\ V and N\~ V respectively.
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Forany a and b in \* V we have
e(ab) = e(a)e(b), (ab)'="b'a" and ab=bha.
Definition 5.2. The new operation defined in A*® V is called the Clifford product.
Remark 5.3. If g = 0, then the Clifford product concides with the wedge product.
Remark 5.4. Either of the two formulas 5.1 and 5.2 above imply that
vw=vAw+q(v,w)
forany vand win V.

Corollary 5.5. The linear map J: V. — C(V,q) is injective, and the dimension of the
Clifford algebra C(V, q) is 24™ V. Hence the elements e;, . . . e;,, where (i1, . . ., i) ranges
over all strictly increasing sequences of integer between 1 and n, form a basis for C(V, q).

Proof of Theorem 5.1. For clarity, we will reintroduce J: V — C(V,q) in the nota-
tion.

We will show that there is an isomorphism of K-vector spaces ®: C(V,q) —
A® V with the properties that ®(1) = 1, and

@(J(v)a) =vAD(a) +v+ D(a)
forany v € V and a € C(V,q). Notice that these two conditions imply that
@(J(v)) = ®(J(v)1)
=vAD(1)+ovF P(1)
=vAl+oF1
=0

for any v € V. Once we have done this, we can define the product in such a way
that ® becomes an isomorphism of K-algebras, as

xy = &(@ ()0 (y)).
Then we have
vx = qD(bel(U)(ID*l(y))
= (J(0)2 ()
=vAx+vkFx

for any v € V; that is, equation 5.1 is satisfied. It is also clear that A\® V becomes a
Clifford algebra, since ® is an isomorphism.
To construct @, consider the map ¥: V — Endg(A® V) defined by the formula

Yp(v)x =vAx+vkx.
The map 1 is evidently linear. Also, we have
p(v)Y?x=vA@Ax+oFx)+oF (vAX+0FX)
=vAvAx+oA(vFEx)+oF (vAX)+oF (0 x)
=vA(wkx)+(wkFo)Ax—0vA(vF x)
=q(v)x;
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hence ¢(v)? = g(v), and so there exists a unique homomorphism of K-algebras
Y: C(V,q) — Endg(A°® V) such that ¥(J(v)) = ¢(v) forall v € V. We define
®: C(V,q) — A®V by the formula

Then we have

as required.

We need to show that ® is an isomorphism: since dimg C(V,q) < 2" while
dimg A®*V = 27", it is enough to show that @ is surjective. Take one of the basis
elements e; A--- Ae; of \®V:itis clearly sufficient to prove that

@(](eil)...](eik)) =ej /\«--/\eik :

this is easy, by induction on k, because ¢;, + (e, Aooe A ej) = 0.

Let us prove formula 5.2. Since C(V,q) = A®V is generated by elements of
V, we may assume that a is of the form v; ... vy, for certain vy, ..., v in V. We
will proceed by induction on k; when k = 0 then 2 = 1 and the formula is trivial.
Assume that the formula holds when a is a product of k — 1 elements. Then we
have

av = (v1...0;)0

v1(v2 ... 040)
=01 A((02...00) Ao+ (0p...0%) 1 0)
+o1F ((02...00) Ao+ (0p...0%) H0)
=01 A(vp...o) Ao+ o1 A ((v02...0¢) H0)
+ (o1 F (02...0)) A+ (=1 (v2...00)q(01,0)
+o1F ((02...0) 7 0)
=01 A(vp... o) Ao+ (01 A (v2...0)) Ho
+ (01 F (02...00)) Ao+ (01 F (02...0)) H 0
= (1A (v2...00) + 01 A (v2...0¢)) AD
+ (01 A (v2...06) + 01 A (v2...0)) o
=(v1...00) Ao+ (v1...7¢) 10
=aANv+a-v

as claimed.

Functoriality is clear from the construction.

Let us check that AT V and A\~ V are the even and odd partof A® V as a Clifford
algebra. The even part is generated as a vector space by the product of an even
number of elements of V, and similarly for the odd part: hence it is enough to
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show thatif v,..., v arein V, then vy ... v isin AT Vif kis even, orin A~ V if k
is odd. This is easily done by induction on k from formula 5.1.

The formula e(ab) = e(a)e(b) follows from this last fact.

To prove the formula (ab)! = btat!, first assume that 4 = v is an element of V.
Then

(ob)' = (vAb+0v b)
=b' A0 4+ b Ho
— btvt
as claimed. For the general case, we may assume that a is of the form v; ... vy; and

then the proof is by induction on k, in the obvious fashion.
The formula ab = ba follows from the previous two. [ )

Lemma 5.6. Let vy, ..., vy be elements of V that are pairwise orthogonal. Then
U1... 0k =01 A\ AT
in \*V.
Proof. Easy, by induction on k from either of the formulas of Theorem 5.1. [ )

From now on we will work with this model of the Clifford algebra, and write
C(V,q) for \* V with this product.

There is an increasing filtration FoC(V, q), where FyC(V,q) is defined as the
vector subspace of C(V, q) generated by the products v; ... vy, where vy, ..., vy €
V. Thus FyC(V,q) = 0 for k < 0, and F,C(V,q) = C(V,q) for k > n. Furthermore
ifa € FRC(V,q) and b € F,C(V,q), then ab € Fy,;C(V,q); thus the associated
graded vector space

DFC(V,9)/F1C(V,q)
k=0
has a natural structure as a graded algebra.

Proposition 5.7.

(@) FRC(V,q) =P A V.
i<k
(b) Ifaand b are in F,C(V,q) and F,C(V, q) respectively, then
ab—aAb € Fr ,C(V,q).
(c) The graded algebra associated with this filtration is canonically isomorphic to \* V.

Proof. Fix an orthogonal basis ey, ..., e; of V: by the multi-linearity in vy, ..., vy
of the product v ...y, it is easy to see that FyC(V,q) is the subspace generated
by the products ¢;, ...e; of at most k of the ¢;. By using the relations e? = q(e;)
and e;e; +eje; = 0, we see that in fact when two of the indices coincide then the
producte;, .. .e; is in Fy_,C(V,q); while when this does not happen then

eil...eik:eilA--J\eik

by Lemma 5.6. This allows to prove part (a) easily by induction on k.
Part (b) can also be proved easily by using the basis ey, ..., e,. We will use
the following alternate method: we may assume that a is of the form vy ...vy.
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We proceed by induction on k, the statement being obvious when k = 0. Set
u = vy...0y; by induction hypothesis we have ub —u A b € Fx,;_3C(V,q). Then

ab—aAb=uovub— (vju) \D
=v(ub—uAb)+ov(uAb)—vy AuAb—(v1 Fu)Ab
=ovi(ub—uAb)+ov1F(uAb)— (v Fu)Ab;

and all the terms appearing in the last sum are in Fx,; ,C(V,q).
Part (c) follows from (a) and (b). ®

Proposition 5.8. If K has characteristic 0, then for sequence any vy, ..., vy of elements
of V we have

1
LA NV = a Z Sgn(o-)va(l)"'vg(k)‘
ey

Proof. Both sides of the equations are k-linear and alternating; hence it is enough
to prove the equality when the v; are among the e;. If two of the v; are equal then
both sides are 0; otherwise the v; are pairwise orthogonal, and the result follows
from Lemma 5.6. [ )

Assume that g is non-degenerate. Recall that the Lie algebra so(q) € Endg (V)
of SO(gq) consists of linear maps A: V — V which are skew-symmetric, that is, are
such that

q(Av,w) +q(v, Aw) =0
for any v and w in V; or equivalently such that g(Av,v) = O forallv € V. If
e1, ..., ey is an orthogonal basis for V, and a; = g(e;), then this equivalent to the
condition that the matrix (a;;) of A satisfies a;; = 0 for all i, and «;a;; + ajaj; = 0
for all i # j; hence so(q) is a vector space of dimension n(n —1)/2.
Theorem 5.9. Assume that q is non-degenerate. Then N>V C \*V = C(V,q) is a Lie
subalgebra of C(V,q), and is canonically isomorphic to so(q).

Proof. Let us show that A’V is a Lie subalgebra: it is enough to show that the
bracket of two decomposable vectors in A Visstill in A2 V.
Let vy, vp, wy and wy be in V. Then we have

(01 Avp) (w1 Awp) = (0102 — q(v1,02)) (w1 A ws)

= 01 (v2(wy Awy)) — g(v1,02) (w1 A wy)

=v1(va Awy Awy + vy b (w1 Awy)) —q(v1,02) (w1 Aws)

= v1(v2 Awy Awy + q(va, wr)wy — q(vg,w2)wy)
—q(v1,02) (w1 Aw)

=01 Avpg Awy Awy + (v, wy)(v1 Awa) — q(vp,w2) (01 A wy)
+ 01 F (v2 Awy Awy) 4+ g(v2, w1)q(v1, wa) — q(v2,w2)q(v1, wy)
—q(01,02) (w1 Aws)

=01 ANvp Awy Awy + (v, w1)(v1 Awy) — g(va,w2) (v A wr)
+q(v1,v2) (w1 Awy) — q(v1, wr) (V2 Awy) + q(v1, wy) (v Awy)
+ q(v2,w1)q(v1, w2) — 4(v2,w2)q (01, w1)
—q(v1,v2) (w1 Aw)
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=01 ANvpg Awy Awy + q(v, w1)g(v1, w2) — g(va,w2)g(v1, w1)
— q(va,w2) (01 Awy) +q(v2, w1)(v1 Aws)
+q(v1, wo) (v2 Awy) — q(vy, wy) (V2 Aws).

The first two terms of the last expression are left invariant by exchanging v1 A v,
and wj; A wy, while the other four terms change sign: so we get a formula for the
bracket:

[01 Avg, wy Awp) = 2(—g(va,w3) (v1 Awy) + g(v2, wr) (01 A ws)
+q(v1,w2) (v2 Awy) — (v, w1) (v2 Awa))

e NV

So we see that A\?V is a Lie subalgebra of C(V,q), and have a formula for the
bracket.
Next we need to give an isomorphism ¢: A?V — so(q) of Lie algebras between

A%V and so(q). As a linear map, it is defined by the formula

¢(v1,02)x = 2(q(v2, x)v1 — q(v1, X)02);
it is easy to check that this function is skew-symmetric with respect to g, by show-
ing that q(x, ¢(v1,v2)x) is identically 0; it is also obviously alternating in v; and
V5, so gives a well defined map ¢: A%V — so(q), as claimed.
If ¢; is an orthogonal basis as before, one immediately checks that the ¢(e;, ¢;)

with i < j are linearly independent; hence ¢ is injective, and, since A? V and so(q)
have the same dimension, ¢ is an isomorphism.
Let us compute the bracket: we have

[p(v1 Av2), p(w01 Awa)]x = 2¢(v1 Ava) (q(w2, x )wl — q(w1, x)wy)

= 2¢(wr Awr) (9(v2, x)v1 — q(v1,%)02)
= 4(q(v2, w1)q(wa, x)v1 — q(v1, w1 )q(w2, X)v2
—q(v2, w2)q(w1, x)v1 + q(v1, w2)q (w1, )02
— q(wz,v1)q(v2, x)w1 + g(wy, v1)q(v2, X)w2
+ (w2, v2)q(01, X)W (wllvz)Q(Ulrx)wz)
= 4(—q(vp, w2) (q(wn, x) (01/ )w)
+ g(v2, w1) (g (w2, x)v1 — g(v2, x)w;)
+ g(v1, w2) (g(w1, x)vz — g(v2, x)w1)
- Q(thl)(LI(wz/ )2 — q(v2, x ))
=2(—q(va, w2)p(v1 A wr) +q(v2, w1)¢(vl A w)
+q(o1,w2)(v2, w1) — (01, w1) (2, w2)) x

¢([Ul Nvp, w1 N wz])X,

as we were claiming. '
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6. REAL CLIFFORD ALGEBRAS

Recall that if A and B are algebras over K the tensor product A ®g B has a
natural algebra structure, such that (a ® b)(a’ ® b) = aa’ @ bb’ for allaand 4’ in A,
b and b’ in B. The natural isomorphism of vector spaces A ® B ~ B® A is also an
isomorphism of algebras.

As in Examples 4.7, we set C, = C(R", — |x|*) and C, = C(R", |x|?). We
have seen the following equalities: Cy = 61 =R,C; =C, 61 =RxR,C, =H,
62 = M (R) (we have seen more, but this is what we will need). Let us reconstruct
the structure of all Clifford algebras, using the classical method of Atiyah, Bott and
Shapiro [ABS64].

Theorem 6.1 (Atiyah, Bott and Shapiro). For each n > 0 we have isomorphisms of
algebras

Ci®RCr = Cpyyp and Cp ®RCo = Cyin

Proof. We will follow [ABS64] almost exactly, as the treatment there is not easy to
improve upon.

Let us prove the existence of the first isomorphism. We will denote by ¢,
..., 4o the canonical basis of R"*? C (NT,HZ, e1, ..., ey the canonical basis of
R" C C,, €1, €; the canonical basis of RZ C 62. According to Proposition 4.5, (~3n+2
is the universal algebra generated by the ¢;, with relations ¢? = 1 and ¢;¢; + ¢;¢; = 0.

By a straightforward calculation using the identity (e1€,)> = —eZe3 = —1,
one checks that the elements ¢; ® €162 fori = 1, ..., n, 1®€; and 1 ® €5 of

C, ® C; anticommute pairwise and have square 1; hence there is a homomor-
phism (~:n+2 — C, ®r C2 sending ¢; into ¢; ® e1ep fori =1,..., 1, €,41 into 1 ® €
and ¢;,4» into 1 ® €. Notice that the elements —e;é;, 116,42 of én+2 map toe; ® 1in
C, ®Rr 62 ; hence the image of 6n+2 contains a set of generators of C; ®R 62, and
the homomorphism is surjective. Since both algebras have dimension 2"*2, we see
that this is an isomorphism.

The argument for the second isomorphism is completely analogous. [

To apply the theorem we need to formulas for certain tensor products; we col-
lect these in the next statement.

Proposition 6.2.
(@) If A, B and C are K-algebras, we have
(AxB)®xC~ (A®kC) x (BegC).
(b) If m and n are positive integers and A is a K-algebra, we have
M (K) @k My (A) =~ My (A).

(c) CerC ~C xC.
(d) Hogr C ~ M;(C).
(e) Hor H ~ M4(]R)
These are all isomorphisms of algebras.
Proof. Part (a) is straightforward.

Let us prove part (b). The tensor product K" ®x A" has a natural structure of
right A-module, in which the multiplication is given by the rule (v ® x)a = v ® xa.
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This module is free of rank mn: if (e;) is the canonical basis of K™, and (¢;) is the
canonical basis of A", the tensor products e; ® €; form a basis for K" @g A".

If « € M;;(K) = Endg(K™) and ¢ € My = Endy(A,), then o ® ¢: K" ®k
A" — K™ @k A" is endomorphism of the right A-module K" ®g A"; there is a
unique K-linear map

My (K) @ My (A) — End 4 (K" @k A") ~ My (A)

that sends & @ ¢ into & ® ¢ (the first is an element of a tensor product, the second
an endomorphism of a tensor product).

It is easy to check that this is a homomorphism of K-algebras. Also, both
M, (K) @ M, (A) and End 4 (K™ @k A™) are free left A-modules, and the map above
is A-linear. By looking at what happens to the natural basis of M, (K) ® M, (A).

Part (c) is standard and easy: one send (a,b) € C ®g C into (ab,ab) € C x C.

Parts (d) and (e) are standard consequences of the theory of central simple al-
gebras. They can be proved directly as follow.

The field C = R @ Ri is naturally embedded in H = R @& Ri @ Rj & Rk; give H
the structure of right vector space over C via right multiplication; a basis is given
by 1 and j. Each element of H acts on IH by left multiplication, and this action
is C-linear. This yields a homomorphism of R-algebras ¢: H — M;(C), which
can be complexified, giving a homomorphism ¢¢: H ®g C — M;(C) defined by
¢c(a®a) = ¢(a)a; and it is easy to check that this is an isomorphism.

To define the isomorphism H ®r H — My(IR), send a ® b into the linear endo-
morphism of H = R* defined by x — axb. We leave it to the reader to check that
this is an isomorphism of R-algebras. )

This allows us to compute all the C,, and C,,. Let us start from our knowledge
of C(1=C,h,=RxR,C=Hand C, = Mz(]R) We get

Cs :61 ®Cy and 63 =C ®62
=(RxR)®H = C®M;y(R)
=HxH = M;(C)

two results that we had already obtained. But we proceed further:

Cy 262®C2 and 64 =C2®62
— My(R) ® H — H®M(R)
= M(H) = M(H);

Cs :63 R Cy and 63 :C1®62
:MZ(C)@)H :(HXH)®M2(R)
=M(R)@ Co® H = M(H) x, (H);
= M(RR) ® M(C)
=My(C)
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Co :64®C2 and 66 :C4®62
=M;(H) ® H =M (H) ® Mz(R)
=M;(R)@ H® H = My(H);
=Mz (R) ® My(R)
= Ms(R)

and so on.
Proceeding in this way, we construct a table identifying all the Clifford algebras
C,; and C,, for n from 0 to 8.

n Cy (~?n

0 R R

1 C R xR

2 H Ma(R)

3 H x H M, (C)

4 M, (H) M;(H)

5 M4(C) M, (IH) x M, (IH)
6 Ms(R) M, (H)

7 | Mg(R) x Mg(R) Ms(C)

8 Mi6(R) Mi6(R)

At this point the table becomes periodic.

Theorem 6.3. If k is a positive integer, we have Cgyrp ~ My (Cy) and Cerrn =~
M, (Ca).

Proof. The result is easily reduced to the case k = 1.
We have for eachn > 0

Cra=Cr2®C
=C0C o0
=Cr®Cy,

and

Chis =Cra®@Cy
=CeCirC
=C,®Cg
= Cy ® My6(R)
= M16(Cn)-

Switching C and C gives the second isomorphism. )
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One can also compute the even part C;f .
Theorem 6.4. For each n > 0, there is an isomorphism of algebras C,_1 ~ C;}.

Proof. Foreachi =1,...,n—1consider the element e;e, of ;. An easy calculation
shows that (el-en)2 = —1, and that e;e;, anticommutes with ejen for i # j; hence
there exists a homomorphism of algebras C,_; — C;} sending e; into ¢;e, for each
i =1,...,n—1. This injective, because it sends a basis of C,,_; into a part of a basis
of Cy;; hence it is an isomorphism, because C,,_; and C,T have the same dimension
2n71 . .

This methods also apply to complex Clifford algebras. In fact, in this case the
two forms |x|* and — |x|? are isometric, hence C(C", |x|*) and C(C", — |x|*) are
isomorphic. So C(C?, |x|*) = C(C%, — |x|?), and from the analogue of Theorem 6.1
we can obtain the following result.

Theorem 6.5. The algebra C(C", — |x|?) is isomorphic to Mon (C) when n = 2m, and
0 Mom (C) X Mom (C) when n = 2m + 1.

We will prove this again later (see Theorems 8.6 and 8.13). In fact the new
proof will be much more informative, as it will identify the simple modules over

2
c(c", —|x]%).
7. CLIFFORD MODULES

The results of the previous section, together with Theorem A.10, allows us to
compute the possible dimensions of modules over Clifford algebras. This is inter-
esting for several reasons: one of them is that it gives information on the possible
number of everywhere linearly independent vector fields on spheres.

Definition 7.1. Let n be a positive integer. The Radon-Hurwitz number K(m) is the
largest non-negative integer n such that R” has a structure of left module over C,.

Remark 7.2. R™ is always a module over Cy = R. It is not obvious that there is
an upper bound on the n’s such that R™ has a structure of left module over C,;
however, from the next result it follows that K(m) is well defined, and in fact that
K(m) < m.

Theorem 7.3. For each m, there are K(m) vector fields on the sphere S™~1 C R™ that
are linearly independent at every point.

Remark 7.4. A very deep result of Adams ([Ada62]) states that K(m) is in fact the
maximum possible number of everywhere linearly independent vector fields on
gm-1,

The theorem is an immediate consequence of the following fact.

Proposition 7.5. For each m and n, there exists a structure of C,-module on R™ if and
only if there exist oy, ..., 0y in the orthogonal group O, (R), such that (x| o;(x)) =0
forany x € R™ and (o;(x) | 0j(x)) = 0 for any x € R™ and any i # j.

Proof. A structure of C,, module over R" is a homomorphism of R-algebras C,, —
M, (R). Because of the presentation of C,, by generators and relations, there is a
structure of C,-module on R" if and only if there exist oy, ..., 0, in My, such that
0? = —1,and 0;0; + 0jo; = 0 for any i # j. On the other hand, I claim that if the



NOTES ON CLIFFORD ALGEBRAS, SPIN GROUPS AND TRIALITY 19

0; exists, then they is a positive inner product on R™ with respect to which they
are orthogonal, hence they can be made orthogonal with respect to the standard
inner product (— | —) by a change of coordinates. To see this, consider the set Q,
of elements of C,, that are of the form +1, or +¢; for somei = 1, ..., n; thisis a
finite subgroup of the group of units in C,;. A C;-module structure on R™ gives a
representation of this finite group Q, on R™; and then it is well known that there
is an invariant positive inner product on R™. Since the ¢; are images in M, (R) of
elements of Q,;,, the result is clear.

So there is a module structure on R” if and only if there are orthogonal trans-
formation 0, ..., 0, € Oy (IR) satisfying the relations 07 = —1 and 0;0j + 0j0; = 0
for i # j. The following lemma ends the proof.

Lemma 7.6. Let a and B be in Oy, (R).
(@) > = —1lifand only if (x| a(x)) = 0 for all x € R™.
(b) Ifa® = > = —1, then af + Pa = 0 if and only if (a(x) | B(x)) = 0 for all x € R™.

Proof. Part (a): for any « € M,,(IR), the condition (x| a(x)) = 0 for all x is equiva-
lent to & = —at. Since a is orthogonal, a' = a~!, and the result follows.
Part (b): since > = —1 and « is orthogonal, we have

(@(x) [ B(x)) = —(x[ap(x)).
Because of part (a), (a(x)|B(x)) = 0 if and only if aBaf = (af)> = —1. By
multiplying on the left by « and on the right by  we see that this is equivalent to
Ba = —ap, as claimed. [ )

Let us compute K(m). It follows from the results in Section 6 that each C, is
either a matrix algebra over a division algebra, or a product of two copies of a
matrix algebra over a division algebra. Then we see from Theorem A.10 that that
there are either one or two simple modules over C,, and that their dimensions as
real vector spaces are the same. So we deduce the following. For each n > 0,
denote by L(n) the least m > 0 such that R™ has a structure of C,-module.

Proposition 7.7. For any m > 0 and any n > 0, the vector space R™ has the structure
of module over Cy, if and only if L(n) divides m.
Hence, K(m) is the largest positive integer n such that L(n) divides m.

Since we know the structure of C, we can also compute L(n). If we write n =
8k +r,withk > 0and 0 < r < 7, then from Theorem 6.3 and Theorem A.10 we
know that L(n) = 16L(r). On the other hand, again from Theorem A.10 we see
that

L(0) =1
L(1) =2
L(2) =L(3) =4

L(4) =L(5) = L(6) = L(7) = 8.

From this we get the following result (we leave the elementary details to the
reader).

Theorem 7.8. Write m = 16k21q, were 0 < | < 3and qis odd. Then
K(n) = 8k +2/ — 1.
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8. THE SPINOR SPACE

In this section we will assume that K = C, and that g is the non-degenerate
quadratic form g(x) = —(x3 + - - - +x3) on V = C". We will denote the imaginary
unitin C by /1.

Set n = 2m or n = 2m + 1, occording to whether # is even or odd. Take W and
W' to be two totally isotropic subspaces of V of dimension m such that W N W' =
{0}. More explicitly, we can define

vV—lei+eiim V—lei—eirm
2 2

foreachi = 1,..., m. Then wy, ..., Wy, w'l, ..., W, are linearly independent in
C", and q(w;, wj) = q(wf,w;) = 0 for all i and j, q(wi,w}) = 0 fori # j, and

w; = and w)=

q(w;, w!) = 1/2. Hence

WE (wy,...,wy) and W E (wl,...,w,)

are totally isotropic, and their intersection is {0}.
When n = 2m, thenwy, ..., Wy, W}, ..., w), form abasisof V,and W W' = V.
When n = 2m + 1, we obtain a basis by adding

def
ug = v —1leyy1;

furthermore we set
def
u= <u0> = <e2m+1>/

sothat V=W W & U.

Definition 8.1. The vector space A\* W is the spinor space. The elements of A* W are
called spinors.

The point is that the spinor space is a module over C(C",g). The construction
is a little different according to whether # is even or odd.

The even case. Since C" = W & W/, we will write any element of C" in the form
w+w', wherew € Wand w’ € W'.

Theorem 8.2. There is a unique structure of C(C", q)-module on \* W, such that
(w+w)x=wAx+2w' Fx foranyw+w' € C" C C(C",q).
Proof. Uniqueness is clear from the fact that C" generates C(C", 7).
For existence, consider the linear map : W& W’ = C" — End¢(A* W) de-

fined by the formula
Yp(w+w)x=wAx+2w Fx

We have
P(w+w')?x = p(w+w')(w A x+ 2w F x)
=wAwAx+2wA (W' Fx)+w F(wAx)+40' - (W F x)
=2wA (w' F x) +2g9(w, w)x — 2w A (W' + x)
=qg(w+w')x;

hence ¢ (w + w')? = q(w + w'), and ¥ extends to a homomorphism of C-algebras
C(C",q) — Endc (A® C"), which defines the required module structure. [ )
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We refer to A* W with this C(C", g)-module structure as the spinor module.

Here is an alternate construction of this module structure; it will not be used in
what follows.

The Clifford products in A®* W and A®* W’ coincide with the wedge products,
since W and W’ are totally isotropic; hence, by the functoriality of the Clifford
product, A* W and A®* W’ are subalgebras of C(C",q). Consider the linear map

AN We AW —— C(C", q);
a@ad —————— aa
this is not a homomorphism of algebras. I claim that this is an isomorphism of
C-vector spaces.

Since both the domain and the codomain have dimension 2", it is enough to
show that it is surjective. It is well know that the C-linear map

ANWRIAN W — AN (W W)
xQ@x > x A X
is an isomorphism, and then surjectivity follows by standard arguments from

Proposition 5.7.

For each subset I C {1,...,n}, write
) def /
wl - wi] wlk
=wi A Awj,
where I = {ij,..., i}, and i1 < --- < i. Of course wj, = 1. We set v’ =
/ I / . .
Wey, oy = WA AWy Consider the C-linear map

AW ——C(C",q);
X xw’
it is the composition of the embedding
ANWOINW — AW AW
AR
with the isomorphism A\* W @ A®* W’ ~ C(C", q) above, hence it is an embedding.

Proposition 8.3. The image of \* W in C(C", q) is the left ideal generated by w'. Fur-
thermore ifw € W, w' € W and x € \* W, we have

(w+w)xw' = (wAx+2w F x)w'.

So A* W becomes a left ideal in C(C", g), and the induce left module structure
is precisely that given by Theorem 8.2.

Remark 8.4. The bases wy, ..., wy, and w}, ..., wy, satisfy the condition q(w;, w}) =
1/2. This seemingly strange factor 1/2 has been introduced so that the element !
of the Clifford algebra acts on the spinor space A* W by sending w; to 1. This is
sometimes convenient in calculations.

Proof. The image of A* W is obviously contained in the left ideal generated by «’'.
To prove the opposite inclusion, notice that for each w’ € W’ we have w’ A w’ =0
(for reasons of degree) and w’' - w’ = 0 (because W’ is totally isotropic); hence
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w'w’ = 0. Hence wjw' = 0 forany I C {1,...,n} with I # @. Any element of
C(V,q) can be written in the form }_; x;w} with a; € A®* W, hence every element
of the left ideal generated by «’ is of the form

Y xjwiw’ = xpw'.
I
This proves the first part.
For the second part, notice that for any w’ € W’ and any x € A* W we have
xw' =xAw +xHw
= (D)@' Ax—w' + x)
= (—1)‘x‘(w’x —2w' F x);
since xw'w’ = 0, we get the formula (w'x)w’ = 2(w’ F x)w’; hence
(w+w')xw' = (wx)w' + (w'x)w’
= (wAx)w +2(w' F x)w’,
as claimed. 'y
Proposition 8.5. A\* W is a simple module over C(C", q).

Proof. We will use the bases w; and w; of W and W’ constructed above, with the
property that q(wj, w}) is 0 for i # j, and 1/2 for i = j. Foreach I C {1,...,n}
consider the element wj, defined as usual, in such a way that the w; form a basis of

A®* W. Then, because of the way the C(C", q) module structure on A\* W is defined,

we have
, 0 ifi¢l
ﬂ:w[\{i} ifiel;
henceif I and J are subsets of {1,...,n} wehave that wjw; = 0 whenever |I| < []|,
or |I| = |J| and I # J; while w’]w] = +1. Assume that Z C A* W is a non-zero
submodule; choose z € Z \ {0}, and write z as }_jajw;. Choose | C {1,...,n}
among those with a; # 0, such that |]| is as large as possible. Then wjz = +aj;

hence Z contains a non-zero scalar, hence it contains 1. Then it contains w; = w1
forall I,so Z = \*W. a

This gives the structure of the Clifford algebra C(C", q).
Theorem 8.6. The homomorphism
C(C",q) — Endc (A" W)
that comes from the C(C", q)-module structure on \* W is an isomorphism.

Proof. From Proposition 8.5 and Corollary A.14 we see that it is surjective. Since
both spaces have dimension 2" we are done. o

From this we also see the structure of the even part C*(C",q). The point is
that End¢ (A® W) has a Z/2Z-grading, in which the even part is formed by endo-
morphisms of A\* W preserving the parity of vectors in A* W, hence it is a product
Endc (AT W) x Endc (A~ W), while the odd part is formed by endomorphisms
that send even vectors into odd vectors, and odd vectors into even vectors. The
image of a vector in C" into End¢ (A® W) is odd, as one sees readily from the
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condition in Theorem 8.2; from the uniqueness of the grading (Proposition 4.3)
we get that the isomorphism is an isomorphism of Z/2Z-graded algebra. Hence
the module A* W splits as a direct sum of two C*(C",q)-submodules A™ W and
A~ W, and we obtain the following.

Theorem 8.7. The homomorphism
CH(C",q) — Endc (A W) x Ende (A~ W)

that comes from the CT(C", q)-module structures on N™ W and \~ W is an isomorphism.
In particular, the two C*(C",q)-modules N* W and N\~ W are simple and not iso-
morphic.

Definition 8.8. The two C*(C",q)-modules AT W and A~ W are called half-spinor
modules.

For later use, let us notice the following. If f € O,(C), by the functorialy of
the Clifford algebra f extends uniquely to an automorphism of C*(C",g), that
we still denote by f. For each C*(C",q)-module M, denote by M/ the module
with the scalar multiplication twisted by f; thatis, if a € C*(C",q) and x € M,
the new scalar product ax equals f(a)x. Since AT W and A\~ W are the only simple

modules over C(C",q), it is clear that there are two possibilities: either (A™ W)f ~
At Wand (A" W) ~ A" W, or (AT W), ~ A" Wand (A~ W) ~ AT W.
Proposition 8.9.

(@) If f € SO4(C), then (N* W) ~ AY Wand (A~ W)T ~ A~ W.

(b) Iff € Oy \ SOy, then (AT W)' ~ A~ Wand (A= W) ~ AT W.

The proof is postponed to page 33, after the proof of Theorem 9.9.

The odd case. When 1 = 2m + 1 the situation is a little different: the spinor space
A® W has two module structure over C(C",q). We have C" = W & W’ @ U, where
U = (ug) as above; we let W & W’ operate by the same formula as before; 1 will
acton x € A®* W by multiplication by (—1)*! in one case, and by multiplication by
(—1)*1 in the other.

Theorem 8.10. There are two module structures on \* W, uniquely determined by the
formulas

(w+w +Aug)x =wAx+2w' - x+ (—1)‘x|/\x
and

(w~+w' + Aug)x = w A x 42w + x — (—1)*Ax
foranyw € W, w' € Wand A € C.

Proof. As in the proof of Theorem 8.2, it is enough to show that the C-linear map
: C(C",q) — Endc (A® W) defined by one of the two formulas

Y(w+w + Aug)x = w Ax+2w F x £+ (—1)Ax
has the property that (w + w’ + Aug)? = g(w + w') + A2
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We have g(w + w' + Aug) = 2q(w,w') + A?, and
(w+w' + Aug)2x = p(w +w' + Aug)(w A x 42w’ + x £ (—1)*Ax)

=2wA (W' F x) £ (-D)MAw A x
+2w' F (wAx)+ (=) Aw A x
+ (=) Aw A x £ (1) FTTAw F x4+ A%x

=2wA (w' F x) +2q(w,w")x — 2w A (w' F x) + A%x

= q(w+w' + Aug)x,

as claimed. F'y

We denote the two module structures by A7 W and A; W respectively.

As in the even case, these module structures can be seen as given by embedding
the spinor space A* W into C(C",q) as left ideals.

First, A*W, A* W’ and A® U are all embedded in C(C", g) as subalgebras, be-
cause the restriction of g to W, W’ and U are all trivial; and the C-linear map

ANWRIN WA U— AN (WeW aU)
a®a Qb aa'b

is an isomorphism. Set w’ = wj A --- A w}, as before. Since uj = 1 we have
up(1+ug) = fuop; furthermore upw’ = ug Aw' = (=1)"w’' Nug = (—=1)"w’uy.
We set
fi=(1+up)w'
=w' (14 (=1)"uy)
and
fo= (1~ up)e'
= w' (1= (=1)"uy).
If w' € W we have w'f; = 0, while ugf; = fi, ugfa = — f; hence the elements of
A* W' C A®*V and A® U send f; into a multiple of itself. We deduce that the em-
bedding A*W — A*W & A* W A*U ~ C(C",q) that sends x into xf; identifies
A®* W with the left ideal generated by f;.

Proposition 8.11. Ifw € W, w' € W/, A € Cand x € \* W, we have
(w+w' + Aug)xfi = (wAx+2w' x4 (—1)XA)xf

and
(w+w' + Aug)xfo = (wAx+2w +x — (=1)XA)xfy

Hence the two module structures on these ideals are those whose existence is
asserted in Theorem 8.10.

We leave the proof to the reader.

To investigate these modules, notice that the embedding C?>" = W & W' C C"
induces an embedding of algebras C(C?™,q) C C(C",q) (by abuse of notation we
denote by g both the quadratic form on C" and its restriction to C>™). The restric-
tions of A} W and of A3 W to C(C?",q) both coincide with the spinor module on
c(c?,q).
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Proposition 8.12. A} W and A3 W are simple non-isomorphic modules over C(C", q).

Proof. The restrictions of A; W and of A3 W to C(C?",q) both coincide with the
spinor module on C(C?™",q), which is simple, according to Proposition 8.5; this
shows that A} W and A5 W are simple.

Assume that ¢: A\JW =~ A3 W is an isomorphism of C(C",g)-modules. The
element 1 of C(C",q) acts as the identity on A\ W and on A\, W, and as mul-
tiplication by —1 on A; W and on A; W; hence ¢ induces an isomorphism of
A W with A, W. The restrictions of A| W and A, W to the even part C*(C>", 1)
coincide with AT W with A~ W, and ¢ induces an isomorphism of C*(C?",1)-
modules AT W ~ A~ W, but, according to Theorem 8.7, this isomorphism can not
exist. 'y

Theorem 8.13. The homomorphism
C(CH,Q) — End¢ (/\. W) x End¢ (/\. W)
that comes from the two C(C", q)-modules structure on \* W is an isomorphism.

Proof. From Proposition 8.12 and Corollary A.14 we see that it is surjective. Since
both spaces have dimension 2" we are done. 'y

We will also need to describe the even part C*(C",q). For this, we need to
produce a Z/2Z-grading on C(C",q) = Endc(A®* W) x End¢(A® W), such that
V C C(C",q) be composed by elements of degree 1. This can be done by explot-
ing the natural Z/2Z-grading of Endc (A® W), used in the even case, such that the
even elements are those sending A™ W into AT W and A~ W into A~ W, while an
odd element sends A Winto A~ W and A~ W into AT W. In this Z/2Z-grading,
the even elements of End¢ (A® W) x Endc(A® W) consisting of pairs (f, g), such
that ¢ = f* and ¢~ = —f~ (here the superscript ™ and ~ denote even part and
odd part), while the odd part is made of elements with g* = —fT and g~ = f~.
We leave it to the reader to check that this is a grading; while it follows imme-
diately from the definition of the action of V on A®*W that all the elements of
V C C(C",q) = Endc(A®* W) x End¢c(A® W) are odd.

Thus C*(C",q) is the subalgebra of End¢c(A®* W) x Endc(A® W) consisting of
elements of the form (f,e(f)), where € is the main involution of Endc(A® W),
which changes the sign of the odd elements. From this we see that the first projec-
tion C*(C",q) — Endc(A® W) is an isomorphism, and identifying C(C", q) with
Endc(A® W), the second projection is the main involution €. The two modules
A} W and A3 W become isomorphic, and simple, when restricted to C*(C",gq),
the isomorphism being the main involution of A®* W. Let us record this as follows.

Theorem 8.14. The homomorphism C*(C",q) — Endc(A® W) coming from either of
the two C(C", 1) module structures on \* W is an isomorphism.

The canonical pairings. The spinor space A\* W carries two very important bi-

linear form. Fix an element w € A" W\ {0}; for example, we can take w o

wy A -+ - A wy,. We define a linear function [: A®* W — C by the formula

e ()

where x € A* W, and x,, denotes the component of degree m of x.
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Definition 8.15. The canonical pairings B: N\*W x AW — C and B: A*W x
A®* W — C are the bilinear forms defined by the formulas

Blxy) = /xt Ny
and
Blx,y) = /f/\y.
Since ¥ = €(x)!, the two pairings are related by the formula
Blx,y) = B(e(x),y)-

Proposition 8.16. The pairings B and B are non-degenerate.

The pairing B is symmetric when m = 0 or m = 1 (mod 4), and alternating when
m=2orm=3 (mod 4).

The pairing B is symmetric when m = 0 or m = 3 (mod 4), and alternating when
m=2orm=1 (mod 4).

Proof. The fact that § is non-degenerate is clear by the following easy fact. If {w;}
is the usual basis of A\®* W, where I ranges over the subsets of {1,...,n}, then
B(wy, wy) = 0 unless I and | are complementary, in which case B(w, wy) = 1.
Then it follows that B is also non-degenerate, because it differs by in an automor-
phism of the first factor.

For the second part of the statement, we need to prove the formula B(y, x) =
(—=1)mm=1)/2g(x,y) for all x and y in A®*W. We may assume that x and y are
homogeneous; and then both sides are 0 unless |x| + |y| = m, so we assume this.
We have

ﬁ(y/X)=/yt/\x
= [t ayy

vy
m(m—1)
= (=17 Blvy)
as claimed. sllsen)
The proof of the third statement is similar, using the formulax = (—-1)" 2 x.
[ )

We have seen that C(C", g) is isomorphic to End¢(A® W) when 7 is even, and
to End¢ (A® W) x Endc(A® W) when 7 is odd. The canonical pairing allows to
interpret the transposition on the Clifford algebra directly in terms of algebras of
endomorphisms. The non-degenerate pairing § allows to define a transposition
f — fin the algebra End¢ (A® W) by the formula

B(f(x)y) = B(x. f()
for all endomorphisms f: A*W — A®*W and all x and y in A®* W. The function
from Endc (A® W) to itself that sends f into f! is an anti-automorphism, that is, it
is C-linear, and such that (fg)' = ¢'f* for any f and ¢ in End¢c(A* W).
Notice that by choosing a different element w € A" W \ {0} we change B by a
scalar, and this does not change the transposition constructed above.
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Proposition 8.17. Suppose that n = 2m. The main anti-automorphism —* in the Clifford
algebra C(C", q) corresponds to the transposition in Endc (\°® W) relative to the pairing

Proof. Since C" C C(C",q) ~ End¢(A® W) generates End¢(A® W) as an algebra,
it is enough to prove that the transposition relative to j leaves the elements of C"
invariant. Since C" = W @ W/, and because of the way the action of C" is defined,
itis enough to prove that f(w A x,y) = B(x,w Ay) and B(w' F x,y) = B(x,w' I y)
foranyw € W,w' € W, xandy € \*W.

The first equality is completely straightforward:

B(w A x,y) :/(w/\x)t/\y

:/xt/\w/\y
= B(x,wN\y).

For the second one, we may assume that x and y are homogeneous. Furthermore,
both sides of the inequality are 0, unless |x| + |y| = m + 1, so we may assume that
|x| + |y =m+1. Thenx Ay =0, so

0=uw'F (x'Ay)
= (' Fx) Ay+ (=Dt A (' Fy)
= (x4 Ay+ (=Dt A (@ - y)
= (—1)‘x‘+1((w’ Fx)'Ay—x'A @ Fy));
by applying [ to the last line we get
0:/(w/|—x)t/\y—/xt/\(w’|—y)
=B(w' Fx,y) - B(x,w' Fy);
and this concludes the proof. N
The odd case is a little more subtle. In this case C(C",q) is isomorphic to

Endc(A® W) x Endc(A® W); each of the two factors has a transposition —! rel-
ative to B.

Proposition 8.18. Suppose that n = 2m + 1. Then the anti-automorphism of the al-
gebra End¢ (A®* W) x End¢e (A® W) that corresponds to the main anti-automorphism of
C(C", q) is given by the formula

(f.8) — (f48")
when m is even, and by

(f,8) — (8" f)
when m is odd.
Proof. We need to check that the image of an element of C" = W@ W' @ U in
invariant under the anti-automorphism above. We have done this in the proof of

Proposition 8.18 for the elements of W and W’: consider now the action of the gen-
erator 1 of U. If € denotes the main involution of A* W, defined by the formula
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e(x) = (=1)I*lx, then ug acts via (e, —€). I claim that et = (—1)"e. This is equiv-
alent to the equality B(e(x),y) = (—1)"B(x,€(y)); to check this we may assume
that x ane y are homogeneous and |x| + |y| = m. Then we have

Ble(x),y) = (~)B(x,y)
while
B(x.e(y)) = (=¥ B(xy)

= (~1)" MB(x,y)
(=" (=) p(x,y)

from which the equality follows.

Thus, if m is even €' = ¢, and (€, —€) is invariant under the involution (f,g) —
(ft, ¢'); while if m is odd €' = —¢, and (€, —€) is invariant under the involution
(f,g) — (&% fY). This concludes the proof. )

9. PIN AND SPIN GROUPS

In this section K will be either R or C; V will correspondingly denote either R"
or C". We will assume that # is at least 1.

In both cases, the quadratic form will be given by the formula q(x) = — |a\2;
and the notations O, and SO,, will refer to either O,(R) and SO, (R) or O,(R)
and SO, (R).

Definition 9.1. The pin group Pin,, is the set of elements a € C(V, q) satisfying the
following conditions.

(a) a € C(V,q) is either even or odd.
(b) aa =1.
(c) Foranyv eV, ava~! = qvaisin V.

The spin group Spin,, is the set of even elements in Pin,

Remark 9.2. The terminology “pin group” is a joke attributed to J.P. Serre. The
term”spin group” comes from the “spin representation” that Dirac introduced to
analyze the phenomenon of spin of elementary particles; but Serre suggested that
it might mean “special pin group”, like SO, is a “special orthogonal group” and
SL, is a “special linear group”.

We will write Pin, (R), Pin,(C), Spin, (R) and Spin, (C) when we need to dis-
tinguish between the real and complex case.

Clearly, Pin,, and Spin, are subgroups of the group of units in C(V, g).

For each a € Pin,, define a linear map p(a): V — V by the formula

v — e(a)va.
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I claim that p(a) is orthogonal: in fact, we have
* = ~4(p(a)o)
= —(p(a)v)?

= —avaava

lp(a)o

= —aova

= —q(v)aa
= [of?

for any v € V. This defines a map p: Pin, — O,; it is easy to see that this is a
homomorphism of groups.

Remark 9.3. The embedding C(R",q) C C(C", q) sends Pin, (R) into Pin, (C) and
Spin,, (R) into Spin,, (C).

Remark 9.4. When a € V, we have that a7 = —a? = —q(a) = |a|*; furthermore
ava = —ava
= —a(vAa+q(a,v))

=—aN(vAha+q(av))—ak (vAa+q(a,0))
=—aNvAa—q(a,v)a—q(a,v)a+q(a)v
=q(a)v—2q(a,v)a V.

for any v € V. Hence Pin, contains all vectors of length 1in V.
Ifa €V, |a|* =1, then

p(a)v = —ava
=v—2{a|v)a.
Hence p(a)a = —a and p(a)v = v whenever v is orthogonal to a: in other words,

p(a) is the reflexion with respect to the hyperplane orthogonal to a.

Example 9.5. Consider the case n = 1. Then C(V,q) is a 2-dimensional alge-
bra over K, with basis 1, e;, and e = —1. Conjugation is given by the formula
ap+aje; = ag — aje;. All the elements of the algebra satisfy the condition that
ava~! € V for all v € V, since the algebra is commutative. The even element sat-
isfying aaz = 1 are +1, while the odd elements are +¢;. Since e = —1, the group
Pin, is cyclic of order 4, generated by e;, while Spin, is the subgroup {+1}.

The group Oj is cyclic of order 2, generated by the reflexion e; +— —ey; by
Remark 9.4, or by an immediate computation, we see that p: Pin; — O sends ¢;
into this reflexion. The kernel of this homomorphism is {1} = Spin,.

In this case the real and complex groups coincide.

Example 9.6. Let us analyze the case n = 2. The group Spin, is contained in

the group of units of the algebra C*(V,q), which is 2-dimensional, with basis 1,

1 ¥ e1ey. The product is determined by the condition /2

given by the formula a + bt = a — b; furthermore

(a4 bi)(a+bt) = a® + b

= —1, and conjugation is
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Also, we have that the odd part of C(V,q) in this case coincides with V; so, since
avd is odd for any v € V and any a € C*(V, g), we have that it is automatically in
V. Hence Spin, is given by the elements a + b satisfying the condition a* + b* = 1.
So Spin, (R) is the circle group S!. In the complex case we have the factorization

a* +b* = (a+ib)(a +ib)

Spin, (C) is isomorphic to C*, the isomorphism Spin,(C) — C* being the map
a+bi— a+ib.

Notice that Spin, is isomorphic to SO,; the isomorphism ¢ is obtained by send-
ing an element a + bt into the matrix

¢(a+br) dof <Z _ab) ;

the existence of this isomorphism a peculiarity of the case n = 2. We have the
relations ey = e; = —eqr and e = —eq; = —eyt, from which we deduce that
¢(a)v =avforalla € Spin, andv € V.

However, the homomorphism p is not an isomorphism. In fact, we have that
¢ anticommutes with all the elements of V, hence va = av for all 2 € Spin, and
v € V; s0 ava = a*v = ¢(a?)v. The homomorphism p can be identified with the
map a — a? from S! to itself (in the real case) or C* to itself (in the complex case).
This homomorphism is surjective, with kernel {+1}.

The group Piny is more complicated, we will describe it briefly without proofs.
It contains Spin, as a subgroup of index 2; besides the elements Spin,, it contains
all the vectors of V of length 1. For any such vector v and any a € Spin,, we have
vav~! = —a. Thus, it looks very much like Op; but O, is a semidirect product of
a cyclic group of order 2 with SO,, while Pin; is not a semidirect product. One
can show that there are exactly two extensions of a cyclic group of order 2 by
Spin, = SO, inducing the given action of the cyclic group on Spin,, and these are
precisely O, and Pin,.

Remark 9.7. The previous analysis of the structure of Spin, is very important.
It can be applied in the following situation. Suppose that Z is a 2-dimensional
subspace of V, such that the restriction of g to Z is non-degenerate (of course this
is always verified when K = IR). Then Z has an orthogonal basis €1, €2 with
le1|*> = |e2|* = 1; the Clifford algebra C(Z,g|,) is isomorphic to C(K2, 7); hence
the elements of type a 4 bejep, with a, b € K, a2 +b?2 =1, forma subgroup of the
group of units of C(Z, q|,) that is isomorphic to S! or to C*, according to whether
KisRorC.

I claim that this subgroup is contained in Spin, . In fact, the element a + be;es
can be written as €1 (—a + bey ); both €1 and —a + be; are vectors of length 1, so are
in Piny, so their product is an even element in Pin,,.

Thus, Spin,, contains many copies of S! (in the real case) or of C* (in the complex
case).

When K = C it may happen that g|, is degenerate. Suppose that is has rank 1;
choose an element v € Z with |[0|*> = 1, and another element u € Z that generates
the radical of g|,. For any A € C, the element 1 + Avu € C(Z,q|,) € C(C",q) is
contained in Spin, (C). In fact, it is clearly even, and it can be written as v(—v +
Au): both factors v and —v + Au are vectors of length 1 in C".
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There is an embedding of algebraic varieties C — Spin, (C). I claim that this
is a homomorphism of groups; hence, it makes C into an algebraic subgroup of
Spin,,. In fact, we have

(14 Aou)(1+ Aou) =1+ (A +A)ou + AN (vu)?

=14 (A + A)ou — AN 0?2

=1+ (A+A)ou.
Thus, Spin,, (C) contains also copies of the additive group C.
Example 9.8. The previous examples were very anomalous; the case n = 3 is
more representative of the general case. The even part C* (V, g) is 4-dimensional,
with a basis consisting of 1, €; o exes, € o ese1 and €3 o e1ex. These elements
satisfy the relations €7 = —1, and €;¢; + €je; = 0 forall i # j; hence C*(R?, q) is

the quaternion algebra IH; while in the complex case we know that C*(C3,q) is
isomorphic to M, (C). An explicit isomorphism can be obtained by setting

(i 0 (0 1 d en (0 i
61—0_1,62— 10 an 63—6263—io

Both in the real and complex case, conjugation is given by the formula

ag + ai1€1 + axéex + aze3z = ag — A1€1 — A€y — A3€3;

hence

(ag + ar€1 + ares + azes)(ag + arey + azer + azes) = a3 + at + a5 + a3.

Notice that for any 2 € C*(V,q) and v € V, the element ava is odd, hence it
is a combination of elements of degree 1 (that is, vectors in V) and 3. However,
we have ava = ava = —ava; because of the formula ¥ = (—1)|x‘(|x|+1)/2, we
see that the part of degree 3 in that ava is 0, hence ava is always in V. So, Spin,
is the group of elements of rC*(V,q) of the form ag + aje1 + azex + azes, with
af+at+aj+a=1

When K = R, we see that Spin, (R) is the group S° of quaternions of norm 1. In
the complex case, we have identified the element ag 4 a1€1 + a2€2 + aze3 with the
matrix

ag+iap ap +ias
(—az +ias ag— ia1>

whose determinant is precisely a3 + a% + a3 + a3. Hence, Spin,(C) is isomorphic
to SL, (C)

Theorem 9.9.

(a) The group Pin, (R) is a compact Lie subgroup of C(R", )° of dimension n(n — 1) /2.
The group Pin,(C) is an algebraic subgroup of C(C",q)° of complex dimension
nn—1)/2

(b) The map p: Pin, — O is a homomorphism of Lie groups (when K = R) or of
algebraic groups (when K = C). It is surjective, and its kernel is {+1}.

(c) Every element of Piny, is a product of vectors of length 1 in V. In particular, Pin,, is
generated by the vectors v € V with |v| = 1.
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Proof. One checks immediately that Pin,, is a subgroup of the group of units C(V, q)°
in C(V,q). When K = R, the group C(IR",4)? is an open subset of the euclidean
space C(V,q) = R?"; when K = C, C(C",q)° will be a Zariski open subset of
C(C",q) = C*'. Multiplication is defined by a bilinear function: hence C(IR",)°
becomes a Lie group, while C(C", )" is an algebraic group.

It follows immediately from the definition that Pin, (C) is a Zariski-closed sub-
group subset of C(C",q); so it is a Zariski-closed subgroup of C(C",q)°, hence it
is an algebraic group. On the other hand, Pin, (R) is a closed subgroup of the Lie
group C(R",4)°, so it is a Lie subgroup ([Var84, Theorem 2.12.6]).

Notice that Spin, and Pin, \ Spin,, are open and closed subsets of Pin,, since
they are obtained by intersecting Pin, with the linear subspaces C*(V,q) and
C~(V,q). The homomorphism p is differentiable (when K = RR) or algebraic (when
K = C), because it is defined by polynomial functions in each of these two open
subsets.

To show that p: Pin, — Oy, is surjective, take a vector a € V with |a|2 =1,and
consider the homomorphism p(a) € O,; according to Remark 9.4, this a reflexion
along the hyperplane orthogonal to a. Then the surjectivity of p follows from the
following Lemma.

Lemma 9.10. Every element of Oy, is a product of reflexions along hyperplanes orthogonal
to vectors of length 1.

Sketch of proof. We proceed by induction on 7, starting from the case n = 1, which
is obvious.

Let A € Oy. Setv = e,, w = Aey. I claim that there exists B € O, that is product
of at most 2 reflexions such that Bv = w.

Suppose that [v — w|* # 0. Then one checks that the reflexion along the hyper-
plane orthogonal to v — w switches v and w (the easiest way to do this is to notice
that since [v]* = |w|* = 1, v — w and v + w are orthogonal, hence this reflexion
sends v — w into w — v and leave v + w fixed).

If o — w|* = 0, then |0 4 w|* # 0, because |0 — w|* + |v + w|* = 4; then we can
first reflect along the hyperplane orthogonal to w, sending w in —w, then reflect
along the hyperplane orthogonal to v 4 w.

So we have B~1Ae,, = e,; hence B"1A € 0,,_1 € Oy, and we use the induction
hypothesis. [

Obviously {£1} is contained in the kernel of p: Pin, — Oy, so we need to
prove the reverse inclusion. Let 2 € Pin, be an element of the kernel of p. If a
is odd, then ava—1 = —ava = —v for any v € V; this mean that 4 anticommutes
with v. On the other hand, if a is even then ava™! = gqva = vforallv € V,
and a commutes with v for all v € V. Then the statement follows easily from the

following lemma.

Lemma 9.11.
(@) Ifan odd element of C(V, q) anticommutes with all the elements of V, then it is 0.
(b) If an even element of C(V,q) commutes with all the elements of V, then it is a scalar.

Proof. For (a), suppose that a is odd, and av +va = 0 forall v € V. Since a contains
only elements of odd degree, we have v Aa = —aAvand v - a = a - v, hence
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2via=av+va=_0forallv € V. By Lemma 3.4, a is a scalar, hence 2 = 0, which
is a contradiction, because 4 is invertible.

For (b), suppose that a is even and av —va = 0 for all v € V, and we have
vANa=aANvandvtFa = —a 0. So2vta=av—va =0forallv € V, and,
again from Lemma 3.4, we conclude that a is a scalar. N

So a can not be odd, because a is invertible, hence not 0. So a is a scalar; since
= aa = 1 we have a = £1, as we were claiming.

Since p: Spin,, — Oy is a surjective homomorphism of Lie groups, or algebraic
groups, with kernel {£1}, it is a double cover. So the dimension of Pin, equals
the dimension of O, which is n(n — 1) /2. Furthermore, Pin, (R) is compact, since
O, (R) is compact.

We have left to show that every element of Pin, is a product of vectors of
length 1. By Remark 9.4 and Lemma 9.10, and because the kernel of p is {1},
which is contained in the center of Pin,, we have that every element of Pin, can
be written in the form £v; ... vy for certain vy, ..., vy of length 1in V. If the sign is
negative, we use the fact that e% = —1 (recall that we are assuming n > 1) to write
it as 6%7)1 ... Ug. This concludes the proof of the theorem. 'y

a2

Proof of Proposition 8.9. Lift f € Oy, toanelementu € Pin, C C*(C",q);if f € SO,
then u is even, otherwise it is odd. The extension of f to C*(C",q) is given by
a ~— uau~l; it is easy to check that the linear automorphism of A* W defined

by x — ux gives an isomorphism A* W ~ (A® W)f . On the other hand when u is
even then this automorphism sends A™ W and A~ W into themselves, while when
it is odd it switches them. Thus the restrictions of this automorphism to AT W and
to A~ W yield the desidered isomorphisms. [ )

Theorem 9.12.

(a) Spin,, is a subgroup of index 2 in Piny,

(b) Spin,, = p~1(SOy); hence Spin,, is an open and closed subgroup of Pin,,.
(c) p: Spin, — SOy, is surjective, with kernel {£1}.

(d) Ifn > 2, then Spin,, is the connected component of the identity in Pin,,.
(e) If n > 2, the commutator subgroup of Pin, is Spin,,.

(f) If n > 3, the commutator subgroup of Spin,, is Spin,, itself.

Proof. Consider the function Pin, — {£1} that sends each element of Pin, into its
sign. The group Pin, contains at least one odd element, for example eq, thus the
homomorphism is surjective, and its kernel is precisely Spin . This proves (a).

For (b), take an element a of Pin,, and write it as a product v; ... vy of vectors
of length 1. If k is even then a is also even, so it is in Spin,, and p(a) is a product
of an even number of reflexions, hence it has determinant 1; while if k is odd a is
not in Spin , and p(a) has determinant —1.

(c) follows immediately from (b) and from Theorem 9.9 (b).

For (d), since the connected component of the identitity is a subgroup of Spin,,
and every element of Spin,, is the product of an even number of vectors of length 1,
it is enough to show that every product vw of two vectors of length 1 is in this
connected component.

If v and w are linearly dependend, then w = +v, and correspondingly vw = F1;
so we need to show that —1 is in the connected component of 1. It follows from
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Remark 9.7 that the elements of the form a + beje,, with a, b € K and a? + b? =
1 form a subgroup of Spin, that is isomorphic and homeomorphic to the circle
group (S! or C*, depending on the base field), and so is connected; obviously this
contains both 1 and —1.

Otherwise, let Z be the subspace generated by v and w. The rank of gq|, can
be either 1 or 2. In case it has rank 1 (which can only happen when K is C), let
u be a generator of the radical of g|,. The vectors of length 1 in Z all have the
form +v + au, with a € C. If w = —v + au, then vw = 1 + Avu, so vw is in the
image of the map C — Spin,, that sends A into 1 4 Avu, thus it is in the connected
component of 1. If w has the form v + Au, then —w has the required form, and so
—vw = v(—w) is in the connected component of 1. But then so is vw, because —1
is in this component.

Finally, if the restriction of g to Z is non-degenerate, set €; = v, and call €; an
element of Z of length 1 that is othogonal to v. We can write w = ae; + bey, with
a? 4 b? = 1; then vw = —a + beyey, and vw is in the image of a map from the circle
group, again by Remark 9.7.

This ends the proof of (d).

For (e), notice that since Spin,, has index 2 in Pin,,, the commutator subgroup of
Pin,, is contained in Spin,,. For the reverse inclusion, we see from Theorem (c) that
every element of Spin,, is the product of an even number of vectors of length 1;
hence it is enough to show that every product of two vectors of length 1 is in the
commutator subgroup.

Let us notice the following: if v and w are vectors of length 1, then

[0, w] = vwo lw™?

= vw(—v)(~w)
= (vw)>.

Consider a product vw, where v and w are vectors of length 1. If v and w are
linearly dependent, then w = +v, and vw = F1. We have that 1 is obviously a
commutator, while [e, e;] = (e1e2)? = —1.

Next, assume that v and w are linearly independent, and call Z the subspace
of V that they generate. Assume that the restriction of the quadratic form (— | —)
to Z is degenerate; let u be a generator of the radical of q|,. Then w is of the
form +v + au. If w = v+ au, then vw = (—1)v(—w); since we know that —1 is
a commutator, we may assume that w = —v + au. We have that ’—v + %u|2 =
[v]> =1, and

[v,—v—i— %u] = (v(—v—i— %u))z

= (1 + %vu)z
=1+ avu

=ow
Now the case when v and w are linearly independent, and the restriction of
(— | —) the subspace Z is non-degenerate. Set €; = v, and let €; be a vector of Z

that is orthogonal to €7, with |e2]* = 1. Write w = ae; + bep; we have a? + b2 = 1.
Consider the subgroup S of elements of Spin,, of the form & + Bejey, witha, B € K,
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a? + ,32 =1, asin Remark 9.7. Then

vw = e1(aeq + bey)
= —a+ €1€2
€S.

Since S is isomorphic to either S' or C¥, it is a divisible group, so we can find
a + Berex € S with (aeq + Ber)? = —a+ €16y If weset z = —aey + Bex € Z, we
have that vz = & + Bejes; hence [v,z] = (vz)? = vw, and this ends the proof of (e).

More precisely, we have shown that Spin,, is generated by commutators of the
form [v, w}, where v and w are vectors of length 1 in V. To prove (f) it is enough
to show that every commutator of the form [v, w] as above is a commutator of two
elements of Spin,. But since n > 3, given v and w in V we can choose a vector

z € V that is orthogonal to v and w, and such that |z|2 = 1. Then z anticommutes
with v and w, hence

[vz, wz] = vzwz(vz) " (wz)
= VZWZZVZW
= —vzwvzW
= —VzZWOW

= vwow

[0, w];

this ends the proof, since vz and wz are in Spin,,. [ )

We can also determine the Lie algebra of Spin,. Since the homomorphism
p: Spin, — SOy is surjective with finite kernel, p is a local diffeomorphism, and
thus induces an isomorphism of the Lie algebra of Spin, with the Lie algebra so,
of SO;,. On the other hand, since Spin,, is a subgroup of the algebra C(V, q), its Lie
algebra is a subalgebra of C(V,q) = A\* V.

Proposition 9.13. The Lie algebra of Spin  is A>V C C(V, ).

This gives a more conceptual proof of Theorem 5.9.

Proof. Call L the Lie algebra of Spin,,. Since the dimension of Spin, is n(n —1)/2,
which is the dimension of A? V, it is enough to prove that L is contained in A% V.

Consider the equations that define Spin,,. Since Spin,, is contained in C*(V,a),
which is a linear subspace, L will be contained in C*(V,a) = AT V.

The other conditions that define Spin,, are not linear, so we need to differentiate.

The conjugation map a +— a from C(V,q) to itself is linear; hence by differ-
entiating the function a — aa at the origin we get the map x — x +x. So L
is contained in the subspace of elements x € A®V such that x +% = 0. Since
% = (—1)(¥+1)/2 and x is even, we see that the homogeneous components of x
are of degree 2k, where k is odd.

By differentiating the condition that ava € V for all v € V, we get that L is
contained in the subspace Ly of elements x of \* V of degree 2k, with k odd, such
that xv —vx = xv+ovx € Vforallv € V. If x € Ly, since x has only components
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of even degree, we see that
xX0—ovx=xANv+xdv—vAx—vhkx

= 20t x.

If we write x = x2 + x5 + X109 + ... as a sum of components of various degrees, we
have

vhExg=vFxp=---=0
for all v € V. By Lemma 3.4, since the form g is non-degenerate we have xg =
x10 = -+ = 0; s0 Ly € A?>V. This show that L C A2V, and concludes the
proof. 'y

The center of the spin group. Let us determine the center of the spin group. This

center contains at least the subgroup {+1}. Consider the element Lol e €
Piny; if n is even, then 7 is in Spin,,.

Theorem 9.14. Assume that n > 3.

If nis odd, then the center of Spin,, is {%1}.

If n is even, the center of Spin,, is the subgroup {+1,+n}. Ifn
has order 2, and the center is isomorphic to Z./27Z. x Z./2Z; if n
has order 4, and the center is cyclic of order 4.

0 (mod 4), then n
2 (mod 4), then n

Proof. Since {+£1} is contained in the center of Spin,, the center of Spin, is the
inverse image in Spin,, of the center of SO,,. We will prove the well known and
easy fact that if n is odd the center of SO, is trivial, while when 7 is even consists
of {£I,}. Then the first two statement follow, because the image of # in SO, is
the composition of the reflexions along all the coordinate hyperplanes, which is
clearly —I,,.

To prove this, let A € SO, be in the center. Notice that if Z C C" is a 2-
dimensional linear subspace such that q|, is non-degenerate, then C" = Z & Z+,
and we have an element B of SO, that acts like the identity on Z* and like multi-
plication by —1 on Z. Since A commutes with B we see that A sends Z into itself.

Take v € C" such that |v|2 # 0. Then since n > 3, we can find wq and w,, such
that |w; > # 0, |wy|* # 0, and (v|w;) = (v|ws) = (wq |wy) = 0. The restriction
of g to the subspaces Z; and Z, generated respectively by {v, w1} and by {v, w,}
is non-degenerate, hence A sends (v) = Z; N Z; into itself. So A sends ey, ..., e,
and ey + - - - + ¢, into multiples of themselves, so it is a scalar matrix. But the only
scalar matrices in SO, are I,;, and —1,, if n is even.

To determine the structure of the center of Spin, when 7 is even, notice that

(

A )
= (—1)"(}1271) €1...6nepy...01
= (-1 -y
= (1"
which is easily seen to imply the result. )

Remark 9.15. It is easy to see directly that 7 is in the center of Spin, when 7 is
even: the point is ¢; anti-commutes with ¢; when i # j, while it commutes with ¢;
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itself: hence n7e; = (—1)""le;y = —e;57. So yv = —vy for any v € V, and the result
follows, because every element of Spin, is a product of a finite number of vectors
of length 1.

THE SPIN REPRESENTATION

The group Spin,,(C) is contained the group of units in C*(C", g); hence every
module over C*(C", q) gives a representation of Spin, (C), and also of Spin, (R),
since Spin, (R) is contained in Spin, (C). The spinor space A* W has a structure
of C*(C", g)-module; when 7 is odd this is irreducible, while when # is even this
splits as the sum of two half-spinor spaces A™ W and A~ W, each of which is
irreeducible.

So we get the spin representation \* W of Spin, (C) and Spin, (R). When # is
even the spin representation is the sum of two half-spin representations AT W and
A~ W. These are often called chiral spin representations by physicists.

Proposition 9.16. If n is odd, the spin representation \* W of Spin(IR) and of Spin,, (C)
is irreducible. If n is even, then each of the two half-spin representations N™ W and \~ W
of Spin(R) and of Spin,, (C) is irreducible.

Proof. Suppose that n is odd; we know that the spin C*(C",gq)-module A\* W is
simple. If Z is a subspace of A\*W, the set elements of C*(C",q) that send Z
into itself form a subalgebra of C*(C",gq). Since the elements of C(C",q) of the
form e;e; are in Spin, (R) C Spin, (C) and generate C*(C",q), the first statement
follows.

The second statement is proved analogously, because we know that each of the
two half-spin C*(C", 7)-modules is simple. [ )

Examples 9.17. Let us work out the structure of the spin and half-spin represen-
tations when n = 2 and n = 3. We rely on our analysis of the structures of Spin,
and Spin, carried out in Examples 9.6 and 9.8.

In these cases W is 1-dimensional, generated by w; = %(iel + ), while W' is
generated by w} = }(ie; — ep). The spinor space A* W = C & W has a basis 1, wy;
we will write all the endomorphisms of A®* W as matrices relative to these basis.
The half-spinor spaces are A\TW =Cand A\~ W = W.

(a) Assume that n = 2. Then wj acts on A®* W by sending 1 to wq and w; to 0,
while w] sends 1 to 0; thus under the isomorphism C(C?,2) ~ Endc(A\* W) =
M;(C) the element w; and w) correspond to the matrices

(1a) = (o)

Since 1 = —i(wy + wi) and ey = wq — w’l, we see that ¢; and e, correspond to

(f’i (j) and (_01 é)

Hence eje; acts like the matrix
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an element of Spin,, which is of the form a + bejep, with a, b € Kwith a2 4+ b2 =
1, acts on the spinor space by multplication by a + ib on AT W = C, and by
multiplication by a —ib = (a +1ib) ! on A~ W = W. Since the isomorphisms
Spin,(R) ~ S! and Spin,(C) ~ C* are obtained precisely by sending a +
bejey into a + ib, we see that the even half-spin representation is the natural
1-dimensional of the real or complex circle group by multiplication, while the
odd half-spin representation is its dual, multiplication by the inverse.

(b) Now we assume n = 3. The elements ¢; and ¢ act as in the previous case,
while 1y = ie3 acts via the matrix

b %)

From this we see that element €1 = epe3, €2 = e3e1 and €3 = eje; correspond to

the matrices
0 i 0 -1 and i 0.
i 0/’ 1 0 0 —-i)’

hence an element of Spin,, which is written as ag + a1€1 + az€2 + azez, where
the a; are scalars satisfying a3 + a3 + a3 + a3 = 1, corresponds to the matrix

apg+iaz —aq +iap
aj + iap ag—iaz )’

The determinant of this matrix is precisely a3 + a3 + a3 + a3; so we see how the
spin representation yields an isomorphism of Spin,(C) with SL(C). Under
this isomorphism, the elements of Spin, (R) correspond to matrices of the form
above where all the g; are real; but it is easy to see how these matrices are
precisely the unitary matrices of determinant 1. So the spin representation
also gives an isomorphism of Spin, (IR) with SUy.

Proposition 9.18. Assume that n > 3. Then the spin representation Spin — GL(A®* W)
factors through SL(A®* W). Furthermore, if n is even each of the half-spin representa-
tions Spin, — GL(A' W) and Spin,, — GL(A~ W) factor through SL(\™ W) and
SL(A~ W) respectively.

Proof. This follows from Theorem 9.12 (f). a

Corollary 9.19. We have isomorphisms of algebraic groups
Spin3 (C) ~ Sl, (C)

and
Spin, (C) ~ SL,(C) x SLy(C).

Proof. For the first one, Spin, (C) is embedded in the group of units of C(C3,q) =
Endc(A® W), which is GL;(C); because of Proposition 9.18 we have that Spin,
is embedded in SL,(C). Since Spin,(C) and SL,(C) both have dimension 3, and
SL,(C) is connected, the result follows.

For the second one the argument is similar: Spin, (C) is embedded in the group
of units of C*(C*,q) = Endc (AT W) x Endc (A~ W), which is GL,(C) x GL,(C),
; because of Proposition 9.18 it is embedded in SL, (C) x SL,(C). Since both groups
have dimension 6 and SL,(C) x SL;(C) is connected, the conclusion follows. &
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Notice the isomorphism Spin,(C) ~ SL,(C) has been constructed direcly in
Example 9.8.

There are other “exceptional” isomorphisms of Spin; and Spin, with other known
algebraic groups; these require the introduction of some structure on the spinor
space.

The canonical pairings: the even case. Now we assume that 7 is even, n = 2m.

We have defined the canonical pairings B, B: A*W x A*W — C, which are
symmetric or alternating depending on m (Proposition 8.16). Recall if a group G
acts linearly on a K-vector space Z, a bilinear pairing h: Z x Z — K is said to be
invariant under G if h(gx, gy) = h(x,y) forallg € Gand all x, y € Z.

Theorem 9.20. The form B is invariant under the action of Spin,,, while B is invariant
under the action of Piny,.

Proof. Here is the basic fact, that will be also be very useful later.

Lemma 9.21. Foranyv € V, x and y € \* W, we have the relations

plox,y) = px,vy), plox,y) = —p(x,vy)

and

B(ox,oy) = —[o]* B(x,y),  Blox,vy) = [o* B(x,y).

Proof. Let us prove that B(vx,y) = B(x,vy). We may assume that v is either in W
or in W’. In the first case, vx = v A x, and the result is immediate:

Blox,y) = [(0nx) Ay
= /xt ANONY
= B(x, vy).

If v € W/ then vx = 2v b x, and the proof is a little more elaborate. We may
assume that x and y are homogeneous. Notice that both sides of the equality are
zero unless |x| + |y| = m + 1; and then we have x' Ay = 0, so

0=0vF (x'Ay)
=@wFxAy+ (=Dt A (o Fy)
= (DM (R o)Ay -2 A (o k)
= ()Y @wF )t Ay — 2 A (0 Fy)).

By integrating we obtain the equality
B(vx,y) = 2/(v Fx)'Ay

= Z/xt/\ (vFy)
= B(x,vy).
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The other equalities follow from the first. We have

B(vx,vy) = B(x,v*xy)
=q(v)B(x,y)
= —[o*B(x,y)

and

Blox,y) = B(e(vx),y)

The argument for the fourth equality is similar. [ )

The theorem follows immediately from Lemma 9.21, and from the fact that ev-
ery element of Pin, is a product of vectors of length 1, while every element of
Spin,, is a product of an even number of vectors of length 1. [ )

The situation is rather different according to whether m is even or odd. Let us
assume that m is even, thatis, n = 0 (mod 4). Then by construction the pairings
B and B vanishon AT W x A~ Wand on A~ W x AT W, and give non-degenerate
pairings

/\+W></\+W—>C and /\7W></\7W—>C,'
these pairings are either symmetric or alternating according to whether m = 0 or
m =2 (mod 4) (Proposition 8.16).
Since by construction Spin,, is contained in the group of units of C*(C",q) =

End(A" W) x End(A~ W), which is GL(A™ W) x GL(A~ W), from this and from
Proposition 9.18 we get the following.

Proposition 9.22. When n = 0 (mod 8) the two half-spin representations of Spin,,
yield an embedding

Splnn g SOzm—l (C) X SOZm—l (C),
while if n = 4 (mod 8) they give an embedding

Spin,, € Spyn-2(C) X Spyn-2(C).

In the case n = 4 we have Sp, (C) = SL,(C), and we recover the isomorphism
Spin, (C) ~ SL,(C) x SLy(C) of Corollary 9.19.

In the next case, n = 8, Sping is embedded into SOg x SOg; the dimension of
Sping is 28 while that of SOg x SOg is 56, so we don’t get an isomorphism. How-
ever, something remarkable happens: the standard representation and the two
half-spin representations of Sping are all orthogonal representations of dimen-
sion 8. These three representations are related via triality, which will be treated
later.

When m is odd, we see from Proposition 8.16 that one between  and f is sym-
metric, while the other is alternating. The fact that the spin representation pre-
serves both a symmetric and an alternating form may seem striking, but it is in
fact rather mundane. We see from the definitions that wen m is odd 8 and B both
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vanish on AT W x AT W and A~ W x A~ W. Both B and B give non-degenerate
pairings

ANWxA W—C and A\ Wx A\ W-—¢;
B and B agree on AT W x A~ W, while the differ by the sign on A~ W x AT W.
Furthermore, the second paring is simply the transpose of the first, up to sign.

Hence the only essential piece of information that comes from § and B is a non-de-
generate paring AT W x A~ W — C, that is invariant under the action of Spin,,.

Proposition 9.23. Assume that n = 2 (mod 4), and write n = 2m. Then the two half
spin representations are dual to each other and faithful.
Furthermore, if n > 6 each half spin representation gives an embedding

Spin,, C SLyu1(C).

Proof. The fact that the two half-spin representations are dual follows from the
existence of the invariant pairing AT W x A~ W — C constructed above.

Since Spin,, is contained in GL(A™ W) x GL(A~ W), and since the kernel of
the two half-spin representations Spin, — GL(A* W) and Spin, — GL(A~ W)
are the same, since the two representations are dual, we see that the half-spin
representations are both faithful.

The last statement follows from this and from Proposition 9.18. 'y

Corollary 9.24. As an algebraic group, Spin, (C) is isomorphic to SL4(C).

Proof. We have seen that there is an embedding of algebraic groups Spin,(C) C
SL4(C). Both groups are 15-dimensional and SL4(C) is connected, so the result
follows. )

The canonical pairings: the odd case. Now we assume that n is odd, n = 2m + 1.
The situation is different from the even case: in each dimension, only one of the
two form B and B is invariant under the action of Spin,,.

Theorem 9.25. If n =1 (mod 4), then the bilinear form g on \* W is invariant under
the action of Spin,,.

Ifn = 3 (mod 4), then the bilinear form B on \* W is invariant under the action of
Spin,,.

Proof. We have an analogue of Lemma 9.21.
Lemma 9.26. 3 Suppose thatv € V, x,y € A\] W. If m is even, then
Box,y) = B(x,0y)  and p(vx,vy) = —[o]* B(x,);
while
B(ox,y) = —B(x,vy) and B(vx,vy) = |o* B(x,y)
if m is odd.
[ )

Proof. The formulas for B(vx, vy) and B(vx, vy) follow from the preceding ones, as
in the proof of Lemma 9.21.
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To prove the formulas for B(vx,y) and B(vx, y), from Lemma 9.21 we know that
they are correct when v is in W & W’; since every vector in V is the sum of a vector
in W @ W’ and a multiple of 19, we may assume that v = u.

We may assume that x and y are homogeneous; and then B(ugx,y) and B(uox, )
are 0, unless |x| + |y| = m, in which case (=1) = (=1)"(=1)l¥|. From this
we get Bliuox,y) = (—1)"B(x,ugy) and B(uox,y) = (~1)"B(x, tgy), and we are
done. [ )

Putting this together with Proposition 8.16 we get the following.

Proposition 9.27. Ifn = 1 or n = 7 (mod 4) the spin representation gives an embed-
ding
Spinn g SOzm,’
while ifn =3 orn =5 (mod 5) it gives an embedding
Splnn g szm—l-
Corollary 9.28. As an algebraic group, Spins(C) is isomorphic to Sp,(C).

The exceptional isomorphisms. Let us collect the result about the structure of
Spin,,(C) for n < 6 that have proved in Examples 9.5 and 9.6, and in Corollaries
9.19,9.24 and 9.28.

Theorem 9.29. We have the following isomorphisms of algebraic groups:

Remark 9.30. The structure theory of algebraic groups shows that no isomorphism
of this kind can exist for n > 7, because then the Dynkin diagram of Spin,, does not
coincide with the Dynkin diagram of any other simply connected algebraic group.

10. TRIALITY

From now on the base field will be C; we will write Spin,, and SO,, for Spin,, (C)
and SO, (C). We will also denote the two half-spin modules A™ W and A~ W by
ST and S~ respectively.

The group Sping has three 8-dimensional orthogonal representations: the rep-
resentation p: Sping — SOg, and the two half-spin representations, denoted by
o Sping — GL(S*) and 0~ : Sping — GL(S™) (we think of the two half-spin
spaces as endowed with the non-degenerate quadratic form B, which is invariant
under Sping, according to Theorem 9.20).

Hence we get three representations p, ™ and ¢~ : Sping — SOg. These are not
isomorphic: this can be checked, for example, by looking at the action of the center
{£1, £} of Sping, where 17 = ey ...eg (Theorem 9.14). In fact —1 € Sping is sent
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to the identity by p, while it acts as multiplication by —1 on ST and S™. So neither
o nor ¢~ is isomorphic to p.

To see that ¢ and ¢~ are not isomorphic, we need to see how 7 acts on S*
and S™. Notice that, since ¢ and ¢~ are irreducible representations of Sping, by
Proposition 9.16, 7 must act as a scalar, by Schur’s Lemma. We have

e = —V—1(w; + w})
forl1 <i<4and
€ = Wj—g —Wj_4

for 5 <i < 8; hence

1= (wy +wy) (wa +wp) (w3 + w3) (wy + wly) (wy —wy) (wy —wp) (w3 — ws) (wy — wh).
An elementary calculation, using the definition of the action of Sping on the space
of spinor, tells us that #1 = 1, while yws = —wjy; hence % acts like the identity on
ST and as multiplication by —1 on S~. So ¢ and ¢~ are not isomorphic.

What is the relation among these three representations? One way to state it is
the following.

Theorem 10.1. There exists an action of the symmetric group Ss on the algebraic group
Sping acting as the full symmetric group on the set consisting of the isomorphism classes
of these three representations.

The simple-minded construction that comes to mind is the following. If we
choose isomorphisms of quadratic forms (C8,q) ~ (S*,8) ~ (S~,B) we obtain
an embedding Sping C SOg x SOg x SQOg; there is an obvious action of S% on
SOg x SOg x SOg by permuting the components, and one might expect that by
chosing the isomorphisms in the right way one can have Sping to be invariant in
the product.

This can not work. In fact, since the first projection Sping — SO is a topological
cover, there is no non-trivial automorphism of Sping over the identity in SOg. The
action of S3 on Sping does come from an action of S3 on SOg x SOg x SOg, but it
is not the obvious one. It is constructed by means of an amazing piece of linear
algebra, known as triality. Triality is like duality, only it involves three vector
spaces instead on two; duality between two vector spaces is defined by a bilinear
form, triality is defined by a trilinear form.

Let (V4,41) and (V3, g2) be two non-degenerate quadratic forms; these give iso-
morphisms V; ~ V.Y, defined by sending v € Vj into the linear form ¢;(v, —). Re-
call that there is a canonical isomorphism Hom(V;, V) ~ Hom(V,, V;), in which
any linear map f: Vj — V; corresponds to its transpose f': V, — Vj, defined by
the equality

92(f(01),02) = 41 (v1, f*(02))
for any v;1 € V5 and v, € V. Furthermore Hom(Vy, V,) and Hom(V,, V;) are
also isomorphism to the space of bilinear forms V; x V, — C; a bilinear form
d: V) x V — C corresponds to the linear maps f1: Vi — Vhand fo: Vo — V)
defined by

@ (v1,v2) = q2(f1(v1),02)
= q1(v1, f2(v2)).

for any v; € Vj and vy € V,. Clearly f; and f, are the transpose of each other.
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The following is very easy.

Proposition 10.2. Let ®: Vi x V, — C be a bilinear map, corresponding to the linear
maps f1: Vi — Vyand fr: Vo — Vy. Then the following are equivalent.

(@) f1and f, are isometric maps.

(b) Either f1 or f is an isometric map, and dim V] = dim V,.

Such a bilinear map ® defines a duality between the two quadratic forms.
Now consider three non-degenerate quadratic forms (V1, q1), (V2,42) and (V3, 43).
A bilinear map f: V; x Vo, — V3 is called orthogonal when the equality

33(f(v1,v2)) = q1(v1)q2(02)

holds for any v; € V; and vp € V5.
A trilinear form ®: V; x V, x V3 — C gives a bilinear map V; x V, — V3,
denoted by (v1,v2) — v172, defined by the formula

‘73 (’0102/ 03) = q)(vll 02, ’03)'

This gives an isomorphism of the space of trilinear forms V; x V, x V3 — C with
the space of bilinear maps V; x V, — V3. But of course the same holds for any two
distinct indices 7 and j between 1 and 3: if {1,2,3} = {i,},k}, the trilinear form ®
yields bilinear maps V; x V; — Vj, denoted by (v;, v;) +— v;v;.

This notation by juxtaposition should not give rise to confusion: in no case
we will have more than one trilinear map around simultaneosly. It is of course
ambiguous: for example, when V; = V, = V3 = V, there are three possibly
different bilinear maps V x V — V denoted with the same notation. In this case
one should probably make the V; disjoint, for example by setting V; = V x {i}. In
our main example the V; will be distinct.

It is also easy to see how the various maps V; X V; — V; determine one other.
For example, if v; € V; fori = 1,2 and 3, we have

73(0v102,v3) = ®(v1,v2,03)
= q2(v2, v103);
this can be read as saying that the linear functions Vo — V3, v — 010 and V3 —
Vo, v3 — 13, are the transpose of each other.
Furthermore, the bilinear functions V; x V; — Vi have an obvious symmetry
property: if v; € V; and v; € Vj, we have
vivj = vjv; € V.
These facts will be used without comments in what follows.

Proposition 10.3. Let ©: Vi x V, x V3 — C be a trilinear form, and assume that none
of the V; is 0. Then the following two conditions are equivalent.

(a) Each of the V; x V; — Vj is orthogonal.
(b) Oneof the V; x V; — Vy is orthogonal, and dim V; = dim V; = dim V3.

Proof. Assume that V; x V, — V3 is orthogonal. Since V; # 0, we can choose v1 €
V1 such that g1 (v1) = 1. Then it follows from the definition of an orthogonal bilin-
ear map that the map V, — V3 defined by v, — ©v1v; is isometric, hence injective.
So dim V, < dim V3, and, symmetrically, dim V3 < dim V;; thus dim V, = dim V5.
If V1 x V3 — V; is also orthogonal we see that dim V; = dim V, = dim V3.
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Conversely, assume that, for example, V; x V, — V3 is orthogonal, and the
dimensions are equal; let us show that, for example, V; x V3 — V} is orthogonal.
We need to prove the formula g5 (v1v3) = g1(v1)g3(v3) forany vy € Vj and v € Vj.
By continuity, it is enough to prove it assuming that g1 (v1) # 0.

The twomaps f: Vo — Vzand g: V3 — V; defined by f(v;) = v10; and g(v3) =
v1v3 are the transpose of each other. We have that g3 (f(v2)) = 41(v1)g2(v2) for
any v, € Vp; this implies that

q3(8f(02),v3) = q3(f (v2), f(v3))
= q1(v1)q2(02,v3)

for any v, and v}, in V,; hence ¢f = g1(v1)idy,. Since V; and V3 have the same
dimension and q;(v1) # 0, this implies that fg = g1 (v; )idy,, so that

72(v193) = q2(8(v3),8(v3)))
= q3(fg(v3),v3)
= q1(v1)q3(03)- L)

Remark 10.4. It follows from the proof that if any two of the V; x V; — Vj are
orthogonal, then the dimensions of all the V; are equal, so they are all orthogonal.

Definition 10.5. A triality is a sequence of three non-degenerate quadratic forms
(V1,91), (Va,q2) and (V3,43), with V3, V, and V3 positive-dimensional, and a tri-
linear form ®: V; x V, x V3 — C satisfying the equivalent conditions of Proposi-
tion 10.3.

The dimension of such a triality is the common dimension of the V;.

We will usually denote such a triality by (V3, V5, V3, @), omitting the g; from the
notation.

By Proposition 10.3, to produce a triality is it enough to have three non-degen-
erate quadratic forms (V3,41), (Va,42) and (V3, g3) of the same positive dimension,
and an orthogonal bilinear map V; x V, — V3.

While dualities are extremely common, trialities are exceedingly rare. Let us
start with some elementary example, which do not require the theory of Clifford
algebras.

Examples 10.6. In all these examples we will have V; = Vo, = V3 = Vand q; =

g2 =43 = 4q-

(a) Here V is C, the quadratic form is the standard one g(x) = x?, and the orthog-
onal map C x C — C is the product (x,y) — xy.

(b) Now V = C?, the quadratic form is the hyperbolic form g(x) = x1x,, and
orthogonal map C2 x C2 — C? is given by ((x1,x2), (y1,¥2)) — (x1y1, %2, ¥2).

(c) V is the space M,(C) of 2 x 2 matrices, the quadratic form is the determinant,
and the orthogonal map M (C) x M(C) — M;(C) is the matrix product.

The next one is our basic example of triality; it is much more subtle than the
preceding ones.

Example 10.7. We take V; = C8, Vo, = S*, V3 = S~. The quadratic forms are
g(x) = — |x|2 for C®, and the restrictions of B for ST and S~. The bilinear function
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C8 x St — S~ is given by the C(C8,g)-module structure on A\*W = ST @ S~.
Explicitly, the formula is that in the statement of Theorem 8.2.

We will denote by ®: C® x S* x S~ — C the resulting trilinear function.

The fact that this is triality follows from the equality B(vx,vx) = g(x)B(x, x)
forv € C® and x € St (Lemma 9.21). Also from Lemma 9.21 we know that
B(vx,y) = B(x,vy) whenv € C® x € X' and y € S~, which says that, given
v € C8, the traspose of ST — S~, x — vx,is S~ — ST, y > vy. In other words,
the bilinear function C® x S~ — ST determined by @ is once again given by the
spin module structure on \* W.

It is a remarkable fact that we have constructed essentially all the examples of
triality that exist. Here is a weaker version of this fact.

Theorem 10.8 (Hurwitz). A triality can only have dimension 1,2, 4 or 8.
Proof. We start with a Lemma.

Lemma 10.9. Let (V1, V3, V3, ®) be a triality. If (i,j, k) = (1,2,3), v; and v} are in V,
v; isin Vj, we have
v;i(vjv;) + v (0iv;) = 24;(v;, 0})vj.
and
Ui(UiU]') = qi(Ui)U]'.

Proof. The two formulas are equivalent. The second one follows from the first
by taking v; = v/; the first one follows from the second by polarization. So it is
enough to prove the second one: and the argument is given in the course of the
proof of Proposition 10.3. [

There is a linear function V; — End¢(V, @ V3) obtained by sending v into
(v2,v3) — (v1v3,v102). Consider the Clifford algebra C(V3, q;), which is isomor-
phic to C(C",q): the equality v1(v19;) = g41(v1)v; (from Lemma 10.9) implies
that this linear function extends to a homomorphism of C-algebras C(Vy,q1) —
Endc (V2 @ V3); thus V, @ V3 is a C(Vy, g1 )-module.

Since the elements of V; switch the two factors V, and V3, these factors will
be invariant under the even part C*(Vj,4;); hence V, and V3 are modules over
C*(V1, q1); because of the structure of C* (V4 q1) (Theorems 8.7 and Theorem 8.14),
and of the structure of modules over products of matrix algebras (Proposition A.9)
we see that V; is a direct sum of copies of A\* W (in the odd case) or of AT W and
A~ W (in the even case).

If we call n the common dimension of the V;, and we set n = 2m (if n is even) or
n = 2n+1 (in n is odd), we see that 7 is a multiple of 2"~! (when 7 is even) or of
2" (when n is odd). It is an elementary exercise to prove that this impliesn =1, 2,
4or8. [ )

Definition 10.10. Let T = (Vj, V3, V3, ®) be a triality. A restricted automorphism of
T is triple (f1, f2, f3), in which each f; is an orthogonal automorphism of V;, such

that
®(fi(v1), f2(02), f3(v3)) = P(v1,02,v3)
forany vy € V1,12 € Va and v3 € V3.
The set of such restricted automorphisms, with the group structure given by
component-wise composition, is called the restricted automorphism group of T, and
denoted by Aut’(1).



NOTES ON CLIFFORD ALGEBRAS, SPIN GROUPS AND TRIALITY 47

Thus, Aut’(7) is a subgroup of O(Vy,q1) x O(Va,q2) x O(V3,43).

Proposition 10.11. Let T = (Vy, Vo, V3, @) be a triality, (f1, f2, f3) a triple in which
each f; is an orthogonal automorphism of V;. This is a restricted automorphism if and only
if f1(v1) f2(v2) = f3(v102) for any vy € Vi and vy € V5.

Proof. We have
@ (f1(v1), f2(v2), f3(v3)) = g3 (f1(01) f2(v2), f3(v3)

and
D(v1,v2,03) = g3(v102,03)
= 33 (fa(v102), f3(03))

for any v1 € V1,02 € Vp and v3 € V3. On the other hand qs (fl(vl)fz(vz),f3(03)) =

q3(f3(v102), f3(v3)) for all vs in V3 if and only if f1(v1)f2(v2) = f3(v102), and this
proves the statement. o

We leave it to the reader as an exercise to identify the restricted automorphism
groups for each of the elementary examples of 10.6.

Proposition 10.12. The image of the natural embedding
Sping C SOg x SO(S™,B) x SO(S~, B)
given by (p,0", 07 ) is Aut’(C8,5+,5~, ).

Proof. For each a € Sping, the map p(a) € SOs is defined as p(a)v = ava™!, with
the product being the Clifford product; while ot (a)x and o~ (a)y are respectively
ax and ay, the product being given by the structure of C*(C?, g)-module on S*
and S™. Hence

(0(a)v) (¢t (a)x) = avaax

= a(vx)
=0 (a)(vx);

this shows that (p(a), 0" (a),0~ (a)) is a restricted automorphism of (C8, 5,5, ®).
This gives an embedding of Sping into Aut’(C8,S*,5~, ®).

Let us prove that this inclusion is an equality. First of all, let us check that
Aut’(C8,5%,5~,®), which is a priori a subgroup of Og x O(S*,8) x O(S~, B), is
in fact contained inside SOg x O(S*, B) x O(S~, B).

The point is the following. The element f € Og induces an automorphism
of C(C8,q), as in the discussion preceding the statement of Proposition 8.9. The
direct sum ST @& S_ = A®*W is a module over C(Cg,q)—module; the equalities
f1(U1)f2(Uz) = f3(03) and fl(Ul)f3(Ug) = fZ(UZ) tell us that o, ® f3: V, @ V3 —
V, & V3 induce an isomorphism A®* W ~ (A® W)f ' of C(C8, g)-modules. Hence f,
and f; give isomorphisms of C*(C8,g)-modules S* ~ (S*)/1 and S~ ~ (S7)/1;
and Proposition 8.9 implies that f; € SOg, as claimed.

The kernel of p: Sping — SOg is {£1}; hence to show that the embedding is an
equality it suffices to prove that the kernel of the homomorphism

Aut’(C8,5,57,®) — SOg
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that sends (f1, fo, f3) into f; has order 2. Let (id¢s, f,g) be an element of this
kernel. Then we have g(vx) = vf(x) forany v € C8 and x € S*; and this implies
that f @ ¢: ST ®S~ — ST @ S~ is a homomorphism of C(C8, 7)-modules. Since
St @S~ = \*Wisasimple C(C8,q)-module, (f,g) must be a scalar; that is, both
f and g are scalars, and they are equal. Since they are orthogonal they must be +1;
this concludes the proof. N

There is a more general notion of automorphism of a triality, in which the factors
are allowed to be permuted.

Definition 10.13. Let 7 = (V3, V5, V3, ®) be a triality. An automorphism of T is a
quadruple (f1, f2, f3,5), where s € S3,and f;: V; — V() is an isometry, such that

Q(fo1(1) (Vs11)) for102) (Vs1(2))s fom13) (Vs-1(3))) = @ (01,02, 03)
forany vy € V1,2 € Vo and v3 € V3.
The composition of automorphisms is defined by the formula

(f1, f2, f3,5) 0 (81, 82,83, 1) = (fi1) © 81, fr(2) © &2, fr(3) © &3, 5t)-

If f £ (f1, f2, f3,5) is an automorphism, this extends to a linear automorphisms

of V1 @ V, ® V3 by the formula
f(01,02,03) = (fo10) (O 11)): fs12) (Vs12)), fs1(3) (Ds13))) -

Conversely, this automorphism f determines (fi, f2, f3,5); we will denote an au-
tomorphism of T by specifying f.

We leave it to the reader to check that with the product thus defined, the au-
tomorphisms of T form a group, called the automorphism group of T, denoted by
Aut(7). If (f1, f2, f3,5), the f; define an orthogonal map of V; & V, & V3 into it-
self, by the formula above; this gives an injective automorphism of Aut(7t) into
the orthogonal group O(V; & V, @ V3).

There is a natural homomorphism Aut(t) — Ss, sending (f1, f2, f3,5) into s; its
kernel is canonically isomorphic to the restricted automorphism group Aut’(7).

Here is the main result of our treatment.

Theorem 10.14. The homomorphism Aut(T) — Ss is a split surjection.

That is, there is a group homomorphism S3 — Aut(7) whose composite with
Aut(t) — Sj is the identity. Once such a splitting is chosen, it induces a right
action of S3 by conjugation on the normal subgroup Aut®(t) C Aut(). The group
Aut’(7) is a subgroup of O(V7, q1) x O(Va,42) x O(V3,43); hence Vi, V, and V3 are
representations of Aut’(7).

If f € Aut(t) and W is a representation of Aut’(7), we denote by W/ the
representation of Aut’(t) on the same space W given by the formula (h,w)
(f'hf)w. Iclaim that if f € Aut() maps to s € S, then for each i = 1,2 or 3, the
map fi: V; — V() gives an isomorphism of representations of Vlf with V). Let
h = (h1,hy, h3) € Aut’(7); then we have

h(fiv) = hyp) fi(v)
= fi((fi_lhs(i)ﬁ)v)
= fi((f'hf)o)
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for any v € V;. Applying this to Sping = Aut’(C8,S*,5™) we obtain that the
right action of R3 acts as the symmetric group on the isomorphism classes of the
representations C8, St and S, as claimed.
Proof. To obtain the isomorphism, choose two vectors u; € Vj and up € V, with
g1(v1) = q2(v2) = 1. Set uz & uy € V3; we have g3(v3) = q1(v1)q2(v2) = 1.
Notice that we have
uiuz = uq(uyuz)
= q1(u1)u2

:uz

by Lemma 10.9. Analogously, if {i,j,k} = {1,2,3} we have u;u; = u;. Thus we
can start from any two u; and u; with g;(v;) = ¢;(v;) = 1, and obtain the third as
U = uiuj.

For each i, we obtain isometries u;—: V; — Vi and u;—: Vi — Vj, defined by
v — u;v; again because of Lemma 10.9, these are the inverse of each other. We
start with three lemmas.

We need to compare the composition

V; LV] ka
with
Uj—: Vi— Vk-

Denote by R, : V; — V; the reflexion along the hyperplane orthogonal to u;, de-
fined by the equality

Ry, v; = v; — 2q;(u;,v;)u;.
Lemma 10.15. For each v; € V; we have
ui(ugv;) = uj(—Ry;0;).
Proof. By Lemma 10.9 we have
ui(ugv;) = —v;(uiug) + 29;(u;, v;)ug
= —ujv; +2q;(u;, ;) ug
= uj(—v; + 2q;(u;, v;)u;)
= uj(—Ry,v;). A
Lemma 10.16. If {i,j, k} = {1,2,3}, vj € Vjand vy € Vi, then
(uivr) (uivj) = =Ry, (vj0r) € Vi
Proof. Assume, for example, that (i, ], k) = (1,2,3). By Lemma 10.9, we have
(1103) (u1v2) = —vp ((u103)u1) + 2q2 (1103, v2) g
= —0p03 + 2®(uq1,v2,v3)uq

= —0p03 + 241 (11, 0203) U1
= _Rul (0203)- o
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Lemma 10.17. If {i,j, k} = {1,2,3} and v; € Vj, we have
ui(RujU]‘) = Ruk (uivj) e V.

Proof. This is true because u;—: V; — Vj is an orthogonal map and carries u; into

Uj. ‘

We will produce a copy of S; inside Aut(7) by lifting the three transpositions
(23), (31) and (12). For each i = 1, 2 or 3, consider the automorphism o; of
Vi @V, @ V3 that exchanges V; and Vi by mutiplying by u;, while it acts on V; as
—Ry;. Thus, for example, we have

01(v1,02,03) = (—Ruy 01, 4103, U102).
I claim that o; is in Aut(7). Consider for example the case of 01: we need to prove
the identity
qD(_Rul 01,4103, ulUZ) = q)(vll U2, U3)
forany vy € Vq, v € Vp and v3 € V3. By Lemma 10.16, we have
@ (—Ry, 01,4103, 1102) = g1 (—Ry, 01, (103) (1102))
= g1 (=R, 01, =Ry (0203))
= q1(01,0203)
= q)<vlr 02, 03)
as claimed.
Each 0; maps to the transposition (j k) in S3; therefore the subgroup generated

by the o; surjects onto S3. We need to show that it is in fact isomorphic to S3. For
this, it is enough to show that the ¢; satisfy the following relations:

(@) 012 = 022 =1land
(b) 010201 = 03 = 02010%;
for it is well known, and easy to show, that the group generates by three generators
01, 02 and o3 satisfying the relations above is in fact S3.
It is immediate to prove that (71»2 = 1. Let us compute 0,07. We have
0201 (01,02,03) = 02(—Ruy 01, U103, U102)
= (u2(u102), =Ry, (u103), —112(Ry; 01) )
= (—u3(Ry,v2), —Ru, (u103), —12(Ryy v1))
= (—u3(Ry,v2), —u1(Ry303), —12(Ryy v1))
because of Lemmas 10.15 and 10.17. Hence
010201 (01,02, v3) = 01 (—u3(Ruyv2), =11 (Ruyv3), —u2(Ruy v1))
= (Ruy (u3(Ruy02)), =11 (u2(Ry; v1)), —u1 (11 (Ry 03)))
= (u3(R},02), u3(R, 01), —Ry303))
= (u302/ Uzoq, _Ru3v3))
= 03(011 02, 03)'

The proof that 0p0102, = 03 is obtained by exchanging the indices 1 and 2 in the
formulas above.

[ )
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APPENDIX A. WEDDERBURN THEORY

We fix a field K; all algebras will be finite algebras over K, and all modules
will be finitely generated (or, equivalently, will be finite-dimensional vector spaces
over K).

Let A be a K-algebra, M an A-module. We will write 4 M or M4 to indicated
whether M is a left of right A-module. If we write simply “a module”, this module
will be indifferently left or right.

We will also follow the following convention, which, for very good reasons,
is standard in non-commutative algebra: if M is a right A-module, End (M)
will be the ring of endomorphism of M, written as usual on the left, and com-
posed according to the usual rule. Then M will be a both a right A-module
and a left End4(My4)-module, and the two structures as linked as follows: if
f € Endg(My), x € Mand a € A, then f(xa) = (fx)a (one says that M is an
(Enda(My) — A)-bimodule). But if M is a left A-module, then we write the endo-
morphisms on the right, and the composition is defined by the opposite rule: fg is
composed by first applying f then g, so that x(fg) = (xf)g for any x € M. Then
M is a left A-module and a right End 4 (4 M )-module, and we have (ax)f = a(xf)
foranya € A,x € Mand f € Ends(4M) (Misan (A — (End4(M,))-bimodule)).

A division algebra is non-zero K-algebra in which every non-zero element is in-
vertible. If D is a division algebra, then D contains K in its center.

Proposition A.1. Suppose that K is algebraically closed. Then K is the only finite division
algebra over K, up so isomorphism.

Proof. If x € D, then the subring K[x] C D is a finite field extensions of K. It
follows that D = K.

An alternate argument is as follows: for each u € D, consider the K-linear
operator D — D defined by x — ux. Since K is algebraically closed and D is a
vector space of finite positive dimension, this operator has an eigenvalue a € K.
Hence multiplication by # — a on D is not injective; but then u —a = 0, and u € K.

)

A right A-module My is free if it has a basis, a sequence of elements e, ..., e,
such that every element x € M can be written uniquely in the form

x=ea;+- - +euay

with a4, ..., a, in A. Equivalently, M, is free if it isomorphic to the free right
A-module A’). We will write vectors in A’} as column vectors: then then endo-
morphism ring End o (A")) is the matrix algebra M;,(A), with the action given ma-
trix multiplication of a square matrix by a column vector, in the usual fashion (the
usual argument for fields will work; or see Lemma A.13).

Notice that the dimension of A" as a vector space over K is n dimg A: hence if
A # 0 the cardinality of a basis of a free module is uniquely determined.

Proposition A.2. A module over a division algebra is free.

One takes one of the standard proofs of this fact for fields and check that it
works for division rings.

Definition A.3. Let A be a K-algebra. A module M over A is simple (or irreducible)
if it not 0, and has no non-zero proper submodule.
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Clearly, M is simple if and only if it it not zero, and is generated by any of its
non-zero elements.

Proposition A.4 (Schur’s lemma). Let V be a simple A-module.

(a) A morphism of left A-modules f: V — M is either 0 or injective. If M is also simple,
then f is either 0 or an isomorphism.

(b) The endomorphism algebra End 4 (V) is a division algebra.

(c) If K is algebraically closed, then End 4 (V) = K.

Proof. The kernel of f is a submodule of M and the image of f is a submodule of
N: this proves part (a). Part (b) follows from part (a), and part (c) follows from
part (b) and Proposition A.1. )

Corollary A.5. The endomorphims algebra End s (4 M) of a simple A-module is a divi-
sion algebra.

Proposition A.6. Let M be a module over A. The following conditions are equivalent.

(@) M is a sum of simple submodules.

(b) M is a direct sum of simple submodules.

(c) Every submodule of M has a complement, that is, if N is a submodule of M, there
exists another submodule N’ C N such that M = N @& N'.

Definition A.7. If the equivalent conditions of Proposition A.6 are satisfied, we
say that M is semisimple.

Proof. Clearly (b) implies (a).

Let us prove that (a) implies (c). Let M be a sum of simple modules, and let N be
a submodule of M. Choose a submodule N’ which has maximal dimension among
those with N N N’ = 0; then the sum N + N’ is direct. I claim that N + N’ = M.
If not, there would exist a simple module V of M that is not contained in N + N'.
The intersection V N (N + N') is a proper submodule of V, so it is 0. This implies
that N N (N’ + V) = 0, which is absurd, because N’ + V contains V properly.

We conclude by showing that (c) implies (b). Let N be a submodule of M that
has maximal dimension among all those that direct sums of simple submodules,
say N = Vi @ --- @ Vi I claim that N = M. If not, let Vi1 be a submodule of
N’ that has minimal dimension among all the non-zero submodules of N’; clearly
Vi1 is simple. We have N N Vi1 = 0, which implies that the sum N + Vj 1,
which contains N properly, is a direct sum Vi @ - - - & Vi @ Vi4q. This is absurd,
because N was supposed to be maximal. [

Corollary A.8. If M is a semisimple A-module, every quotient and every submodule of
M is semisimple. Furthermore, every simple module that is contained in a quotient or a
submodule of M is also contained in M.

Proof. Letp: M — N be a quotient of M, and write M as a sum of simple submod-
ules V;. The image p(V;) is either 0 or isomorphic to V;, by Proposition A .4 (a), and
N the sum of the p(V;). This implies that it semisimple.

On the other hand Proposition A.6 (c) implies that every submodule of M is
isomorphic to a quotient of M. ®

Let Dy, ..., D, be division algebras over K, ny, ..., n, be positive integers; we
will characterize left A-modules over the algebra

A =My, (D7) x -+ x My, (Dy)
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(similar arguments would work for right modules).

For each i, set V; = D?" ; let A act on V; on the left through the ith projection.
It is easy to see that any non-zero element of V; can be completed to a basis of V;,
and that, as a consequence, given any two elements v and w of V; with v # 0 there
exists a matrix & € My, (D;) such that av = w (this can be proved as for fields).
This implies that V; is generated by all non-zero elements, hence it is simple. It is
easy to verify that the ring End 4 (V;) coincides with D;.

Clearly V; is not isomorphic to V; for i # j, for example because the annihilators
are different.

Proposition A.9. As a left A-module, A is isomorphic to V"' & - -- & V{".

Proof. Each ring My, (D;) is isomorphic to Vl.ni , the isomorphism being given by
writing a matrix as the sequence of its n; column vectors. If ey, ..., ey, is the canon-
ical basis of D; as a right D;-module, this isomorphism is obtained by sending «
into (aey, ..., aey;). From these we obtain the desidered isomorphism of left A-
modules

A=V1@- @V

)

Theorem A.10. Every module over A is isomorphic to a unique module of the form Vld g
eV, for a uniquely determined sequence of non-negative integers dy, ..., d;.

In particular, the V; are the only simple modules over A.

Proof. Every left module over A, which is finitely generated by hypothesis, is a
quotient of A™ for some non-negative integer m: hence by Corollary A.8 every
module is a sum of copies of the V;.

Uniqueness is easily seen from the fact that Hom4 (V;, V]) = 0 fori # j, because
of Proposition A .4 (a), so

HomA(VZ-,Vldl@"'@Vrd’) = Homy (V;, V;)%. o
Definition A.11. A K-algebra is semisimple if it it semisimple as a left A-module.

So finite products of matrix algebras over division algebras are semisimple.
These are in fact the only examples.

Let A be a semisimple algebra: let V3, ..., V; be pairwise non-isomorphic simple
left modules over A, such that, as a left A-module, 4 A is isomorphic to Vln g @
V/'r. For each i set D; = End 4 (V;); by Proposition A.4 (b), D; is a division algebra.

Theorem A.12 (Wedderburn). Asan algebra, A is isomorphic to the product My, (D7) x
-+« X My, (Dy). Furthermore each n; coincides with the dimension of V; as a right vector
space over D;.

Proof. Right multiplication defines an action of A on itself, that commutes with left
multiplication; thus we get a homomorphism of algebras A — End4(4A), that is
an isomorphism. On the other hand an endomorphism of A = V"' & --- @ V"
as a left module will carry each Vini to itself, because Hom 4 (V;, V]) = 0fori # j;
hence as an algebra A is isomorphic to End o (V]'!) x - -+ x End4(V;"). We get the
isomorphism from the following Lemma.
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Lemma A.13. Let M be a module over an algebra A, n a positive integer. Then End 4 (M™)
is isomorphic as a K-algebra to M, (End 4 (M)).

Proof. Given an endomorphism f: M" — M" and two indiced i and j between
1 and n, let fi;j: M — M be the endomorphism that sends x € M into the ;i

component of f(&), where & € M" is the vector that has x at the i" place and 0
everywhere else. Then (fj;) is a matrix in M,; (End 4 (M)); we leave it to the reader
to check that by sending f into (f;;) one obtains an isomorphism of rings. [ )

For the last statement, we have seen that the simple modules over A are D",
..., DJ; by looking at annihilators we see that each V; must be isomorphic to
D, 'S

1

Corollary A.14. Suppose that K is algebraically closed, and let V1, ..., V; be pairwise
non-isomorphic simple left A-modules. Then the induced homomorphism

A— El’ldK(Vl) X X EndK(V,)
describing the action of A on the V; is surjective.

def

Proof. Set R = Endg (V1) x - -+ x Endg(V;). We may substitute A with its image
in R. Call n; the dimension of V; over K; then we know that we have an isomor-
phism of gR with V{"' @ --- @® V;"; hence A is a submodule of V"' & --- & V.
By Schur’s Lemma (Proposition A.4 (c)) we have that K = End4(V;) for each i;
by Wedderburn’s theorem A.12 we get that A is isomorphic to My, (K) x -+ x
M,, (K). By comparing dimensions we see that A = R, as required. [ )
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